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PREFACE. 



This Course in the Differential and Integral Calculus has been 
prepared solely for students in the Lawrence Scientific School of 
Harvard University. These students are young men who are 
pursuing the study chiefly for the sake of its applications in 
Engineering and kindred branches ; who wish, therefore, to gain 
facility in the use of the Calculus as a tool of investigation. In 
order to realize this end, the essentials of the subject should be 
presented in such form as to secure, by sound reasoning and 
clear demonstration, the mental discipline characteristic of the 
study; in such notation as the student is likely to meet in 
subsequent reading ; and in such relations to its applications as 
to promote interest in the work. 

But the student should remember that, here, the applications 
are subordinate; and that his main purpose is to learn the prin- 
ciples and methods of the Calculus, He cannot be exj)ected to 
apply the Calculus, except in a very limited way, to questions in 
Mechanics, Hydraulics, Resistance of Materials, Bridges, Steam 
Pingines, Electric Machinery, etc., until he has learned, first, the 
formula? of the Calculus; and, secondly, the rudhnents, at least, 
of the study in which he wishes to use his presumed mathematical 
knowledge. 

Perhaps the only noteworthy departure from the conventional 
presentation of the elements of the Calculus, aside from personal 
peculiarities of arrangement and statement, will be found in the 
attempt to avoid the common double use of the term ' ' Integration " : 
that is, as signifying both, "The Inverse of Differentiation" ; and, 
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"A Process of Summation." Much confusion for the student 
is caused by this twofold meaning of the word : and the term 
"Anti-differentiation" is employed herein for "The Inverse of 
Differentiation " ; while the term ' ' Integration " is restricted to 
the distinctive Calculus "Process of Summation." 

It would be a pleasing and becoming task to acknowledge my 
great indebtedness to many men and books in the preparation of 
this work, but it is quite impossible. To the admirable treatises 
of Professor William E. Byerly, and to his inspiring instruction, 
I am under special obligations. 

I must thank my colleagues, Mr. A. B. Frizell and Dr. D. F. 
Campbell, for much kind assistance in revising and correcting 
the proofs. 

In the preparation of this Course, the needs of my own classes 
alone have been before me; and a strong desire to help them 
has been my motive for the undertaking. If they find it a clear, 
interesting, and stimulating introduction to a great branch of 
Science, I' shall feel abundantly satisfied. 

JAMES LEE LOVE. 



Haryard University, 
May^ 1899. 
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CHAPTER I. 

CONSTANTS, VARIABLES, FUNCTIONS AND FUNCTIONAL 

SYMBOLS. 

1. CONSTANTS: VARIABLES. 

A symbol representing a number which retains a fixed value in a 
given problem, is called a constant. 

Constants are expressed either by numerical symbols^ as 64, |^^, 
VTi, sin 30°, log 75, etc. ; or by literal symbols, as a, ft, aj, aa, ai, 

aJa? Vu y^t ^1, oa, etc. 

A numerical constant represents the same number everywhere; 
while a literal constant may represent different numbers in different 
problems. On this account, the latter are called arbitrary constants. 

A symbol representing a number which is supposed to change 
value in some specified way, is called a variable. 

Variables will be usually expressed by the sj'mbols a, y, 2;, 0, <f>, etc. 

Such symbols as «!, ajj, yi, ^2? ^1/^2? etc., will be used to express 
assigned, or arbitrarily fixed, values of the variable to which the 
subscript is afl3xed. 

2. FUNCTIONS: EXPLICIT AND IMPLICIT. 

The expression ar^, which will vary in value as x varies, and will 
take a determinate value when a fixed value has been assigned to x, 
is called a function of x. 

Any such expression as V x, sin a, sin~^a?, 4^, logo;, or, in general, 
any combination of them, will vary in value as x varies, will take 
one or more determinate values when a fixed value has been properly 
assigned to a?, and, therefore, is called a function of x. 
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A function is, therefore, a variable : but its variation in value 
depends upon the form of the function, as well as upon the manner in 
which we make its variable change value. 

For this last reason any given function, as a:^ + 3 a? + 4, or sin a?, 
or logo;, is called a dependent variable; while its variable x is called 
an independent variable, because x is assumed to be capable of taking 
values assigned to it at our pleasure. 

If the equation x^ + y*^ — a^ = is given, it may be solved either 
for y or x\ that is, we may obtain from it either y=: ■:^ ^i [a^ — a;^] , 

or a; := zb V [a^ — 2/^] . In the first result, y := zb V [^^ — *^] » ^* i^ 
understood that x is the independent variable, and y the dependent 
variable, or function; and y is, in such a case, called an explicit 
function of x. In the second result, x=i ± yj [a* — i/^] 5 ^ is an 
explicit function of the independent variable y. 

When X and y are connected in an equation, as x^ -\- y^ — a^ z= 0, 
or sin (« + y) + e^+ log 2^ =: 0, which is not solved for either vari- 
able, the variable y is called an implicit function of x if we wish to 
consider x as independent^ or x is called an implicit function of y if 
y is to be considered as independent variable. 

From an equation involving x and y, we may obtain, either y as an 
explicit function of x by solving the equation for y, or a; as an ex- 
plicit function of y by solving for x. In many cases, however, as 
in sin (a? + y) + e^+ logy = 0, neither solution may be practicable. 

The functions, called "the ordinary functions," to be treated 
in this course, are classified as either (a) Algebraic, or (b) Tran- 
scendental. The Algebraic are those which involve only the algebraic 
operations (such as 



4a;8+5a:2 — 8a; +3, 



3aj2_|_2a;— 1 



5a;S+7 ' 
V[3a:2+2a:+ 1], «* + 3, etc.). 

The transcendental include 

(1) the Trigonometric functions, sin a;, cos a;, etc. ; 

(2) the anti-Trigonometric, sin-^a;, cos~^a;, etc. ; 

(3) the logarithmic, log a;, etc. ; 

(4) the anti-logarithmic or exponential, e*, a*, etc. 

A function may be mixed; that is, composed of any combination 
of the algebraic and transcendental. 
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3. FXTNCTIONAL SYMBOLS. 



The symbol f(x) is used as an arbitrary general symbol to denote 
any explicit function of x whaisover. It is read "/ function of x" ; 
or, more briefly, "/of a?." The equation y=.f(x) means "y is some 
explicit function of a;" : it is read " y equals / of «." When a per- 
fectly «:eneral theorem is being treated, one relating to a class of 
explicit functions, the symbol f(x) will be used to represent them ; 
and will be subject only to the limitations imposed by the theorem 
in question. Or, the symbol f(x) may be used as a mere abbre\ia- 
tion for a function which reappears so often in the course of an 
investigation, as to make it desirable to have a short symbol to 
represent it. Instances of both these uses will be frequent. 

Other symbols, used in precisely the same way as /(a;), when more 
than one function enters the same investigation, are <t>(x), 'A(^)i 
F{x)^ etc. 

The single letters u, v, and w^ will be used, as more abbre\'iated 
symbols, for the same purpose as f{x), <^(«^)i etc. 

The symbols /(a;, y) = 0, <^(a?, y) = 0, etc., will be used to repre- 
sent implicit functions. 

Exercises. 

1. Giren /(x) =x^-ix, show that /(O) = 0, /(I) = - 3, /(2) = 0, 
/(3) = 16. 

2. If /(x) = 8in:r, find /(O), /(|), /(f), /(^-), /(f), /(tt), /(^), /(2,r). 

3. lff(x) = coax, find its value when x has each of the values given in ex. 2. 

4. If <f> (x) = a*, show that 

0(2) X 0(3) = 0(5); 0(y4-^)=0(y) X4>(z). 

5. If F(x) = cos a; -r '^ — I sina;, show that 

F(2x) = [i^(x)]^ Fix) = lF(hx)y. 



CHAPTER 11. 

GEOMETRIC REPRESENTATION OF FUNCTIONS: INCREMENTS 

OF VARIABLE AND FUNCTION. 

4. GEOMETRIC REPRESENTATION OF FUNCTIONS. 

Any functional relation /(a?, y) ■=. 0, or y=:f(x), containing only 
two real variables, can generally be represented geometrically by 
means of rectangular axes, as explained in plane analytic geometry. 
For example, the function y=i sin a; will be represented, for values of 
X extending from OA =. — tt to (9Z) = + tt, by the curve ABO CD. 
The ordinate, MP^ of any point P of the curve, represents the value 
of the function y corresponding to the value, OM^ of its variable x. 
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The curve representing a given function shows to the eye, imme- 
diately, relations between the function and its variable, — shows 
exactly how any specified change in the value of the one affects 
the value of the other. The curve ABO CD in fig. 1, contains 
the entire table of natural sines of angles. The portion ABO^ 
being below the cc-axis, shows that sina:zz:2/ is negative if the 
angle x is between — tt and 0. The portion OCD^ above the a;-axis, 
shows that sinx zz: y is positive if the angle x is between and tt. 
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If we assume the variable x to take, successively, a set of values 

increasing from OA=z — v to OE ^=^ — -, the falling curve, from 

^ to -B, shows that the function sina; z= y is decreasing. The rising 
curve, from B to Cj shows that the function sina; = y is increasing, as 

IT IT 

the variable is made to increase from OE =l — - toO-F=-, etc. 

If, moreover, the cui-ve is accurately plotted, it may be used to fur- 
nish the approximate value of the sine (== MP) of any angle whose 
circular measure (= OM^ is given. The curve, therefore, is as 
useful as a table of natural sines ; and has the enormous advantage 
of giving the table in extremely condensed pictorial form.* 

Equations containing only two variables can, generally, be repre- 
sented geometrically in rectangular coordinates ; but in some cases 
polar coordinates will be found most convenient. Any function will 
be regarded as completely represented by its geometric locus ; and 
inferences drawn from a study of the curve, when rightly understood 
and interpreted, will furnish most important information concerning 
the function it represents ; and this, in turn, will yield valuable 
knowledge of the mechanical, physical, or other, laws, which may be 
expressed in the function. 



* Of course, the curve shown in fig. 1 is only a part of the whole curve repre- 
senting y = sins. If X increases from 02> = ir up to x = 8ir, we shall get a 
repetition of the curve shown in the figure ; another repetition will he ohtained 
between z = Sir and ac = 5ir ; another, between x = 5ir and x = 7ir ; and so on, 
without stopping. Similarly, if x is made to decrease from — ir to — 3 ir, then 
from — 3 IT to — 5 IT, — and so on, endlessly, to the left. The whole curve, repre- 
senting the function y = sinx, is, therefore, a wave curve extending along the 
X-axis, consisting of an endless number of repetitions of the part J. ^ CD, 

It will be observed that every straight line parallel to F, in fig. 1, cuts the 
curve representing y = sinx, in one point only. This is the geometric expression 
of the fact, that, to any assigned real value of x, say x = x^, will correspond one, 
and only one, value of the function sinx = y. 

Again, any line parallel to OX, provided its distance from OX is not greater 
than FC=l, nor less than EB = — 1, will cut the curve in many points. This 
is the geometric expression of the fact, that, if we regard y as independent 
variable, and change y = sinx to the equivalent form x = sin~^y, then, to any 
assigned value of y, — 1 !^ yi "^l? ^iii correspond many values of the function 
X = sin-* y. 

Hence ^ in y — sinx = 0, y is a single-valued function of x^ but x is a many- 
valued function of y. 
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The following equations are represented by familiar curves : 



a) y — mx — 6=0 



b) aj2+2/2 — a2= 



c) 6V + ay — a262=o 



d) hh? — aY — o.^^^ = 



e) y^ — 4:px=i 



[a straight line whose slope 
= m]; 

[a circle whose tangent at (asj, 
2/i) is x^x + y^y — a^ = 0] ; 

[an ellipse whose tangent at 
i^uVi) is h^x^x -{- ahfiy — 
a^h^ = 0] ; 

[an hyperbola whose tangent 
at (xi^yi) is b^iX — a^iy 
— a^b^ = 0^; 

[a parabola whose tangent at 
(^u Vi) is ViV — 2p{x + aJi) 
= 0]. 



Exercises, 

1. Using rectangular axes, and taking an inch as unit length, plot the curves 
representing the following functions : 

a) y = xr^, b) y = x-\ c) y = xrh, d) y = xi, 

y = a;, /) y = x*, g) y = x*. 

2, In the same way plot the curves 

a)y — x+l, b) y = x — 1, c)y = x*+l, 

d) y = x* — l, g)y = x + x«, /)y = a; — x*. 

5. INCREMENTS. 
Let the function 

(1) y=x^—6x^'\-9x 

be given. Assign to x the set of values shown in the table below ; 
and compute the corresponding values of the function y, as seen in 
the table. 
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The values of x are taken so as to differ from each other by the 
constaDt ^; and the i added to any value of a; to obtain the 
next, may be called the increment of x. The increment may be taken 
either greater or less than ^, as we please ; also, the successive in- 
crements need not all be equal. 

The general symbol Ax is nsed to represent the increment ofx; or^ 
what is the same thing^ the difference between two sitccessive values 
of X, It may be read " difference of x^" or " increment of x" ; but 
is usually read, briefly, " delta x." 

Similarly, Ay represents the increment of the function y ; or^ the dif- 
ference between two successive values of the function y. It is read 
'^ delta y." 

It will be seen, in the table above, that equal increments given to x 
do not, necessarily, produce equal increments of y ; nor do A a; and 
A^ have always the same algebraic sign. 

If A a; is positive, x is, obviously, increased by adding Ax* to it, 
whether x is positive or negative ; hence, x is increasing when Ax is 
positive ; and x is decreasing when Ax is negative. In like manner, 
y is increasing or decreasing according as Ai/ is positive or negative ; 
and conversely. The locus of the function y = x^ — 6x^-\-dx is 
shown in fig. 2, in the curve OABC, If OM=zx and MP=zy 




Tij.a. 
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are the coordinates of P, and MN=z FR=^ Ax^ then RQ=:Ay 
is positive. Here y is increasing as x increases,, and the curve is 
rising from P to Q. But if OM'=ix' and M'P'=^y' are the 
coordinates of P', then M'N' =z A a;; and E'Q' =z Ay is negative. 
Here y is decreasing as x increases, and the curve is falling from 
P' to Q'. 

In applying this rule about the increase, or decrease, of i/, the 
student must be careful to see that no maximum value of y (as at 
point A) nor minimum value (as at point -B) , is included between 
MP = y and NQ = 2/ -(- Ay, 

6. FORMULA FOR THE INCREMENT OF THE FUNCTION. 

In the function of § 5, viz., 

(1) yz^T^ — ^a^-^-^x, 

let a?! and y^ be any pair of corresponding values of the variable and 
the function ; that is, 

(2) yi = a?!*— Git'i^ + dx^. 

Add to Xi the increment Ax, so that we have x=i xi-\- Ax; then the 
function will assume a new value y =z yi-\- Ay, 
Equation (1) gives 

(3) yi + Ay=: (xi + Aa;)« — 6 (xi + Aa;)^ + 9 (xi + Aa;) 

— ajj8_g^^2^9^^_|_ (3a;i2_i2aJi + 9) Ax 

+ (3x, — 6)(Ax)^+(Axy. 
Subtracting (2) from (3) gives 

(4) Ay = (3aji2 _ i2xi + 9) Aa; + (3^1 — 6) (Aa;)^ + (Aa;)«. 

This formula gives the increment. Ay, of the function, in terms of 
any assigned value, ajj, of the variable, and of the increment Ax, 
which has been given to that value of the variable. For example, 
if Xi = 0, and Ax = ^, then Ay^ 9 (J) — 6 (J)2+ (J)*^ 3^; and 
if Xi = 1, and Ax=i J, then Ay =z — |^. (Compare the values of 
Ay given in the table of § 5.) 

The general formula for the increment of any function 

(5) y=f(x), 

can be obtained in the same way; viz., let x^ and 2/1 be correspond- 
ing values of x and y in equation (5) ; then 
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(6) y^=f(x,). 

Give to X the increment A a;, then y will take the increment Ai/, 
and equation (5) gives 

(7) yi + Ay=/(a:i + Aaj); 
and subtracting (6) from (7) gives 

(8) Ay=f(x, + ^x)—f(x,). 

Instead of a pair of fixed corresponding values Xi and 2/1 in 
y=if{x)^ we might take any pair, as x and y\ then the increment 
formula (8) would be 

(9) ^y=f(x+^x)—f{x). 

7. REMARK ON THE USE OF THE TERM "FUNCTION." 

Whenever there is such a connection between two variables, that 
any variation in either causes a necessary corresponding variation in 
the other, and, when the assignment of a fixed value to one deter- 
mines one or more corresponding values of the other, then thSy are 
said to be functions, the one of the other. The decision as to which 
one shall be called the function^ and which, the variable^ is entirely arbi- 
trary ; and is generally determined by convenience. For example, 
the area of a circle would be called a function of its radius, if, for 
any reason, it was desirable to treat the radius as independent vari- 
able ; or, the radius would be called a function of the area, if it was 
desired to regard the area as independent variable. So, in any equa- 
tion involving two variables, such as a^ + hh^ — a^6^=: 0, where 
a and h are constants, either y may be called a function of a;, if x is 
the independent variable ; or x may be called a function of 1/, if it is 
desired to regard y as the independent variable. 

In rectangular coordinates, the ordinate of any point of a fixed 
curve, is a function of the abscissa of the point ; or, the abscissa is a 
function of the ordinate of the point. 

However, the usual practice is to regard the ordinate as function^ 
and the abscissa as independent variable — called^ briefly, variable. 
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Exercises. 

1. The area, ^, of a circle (radius a;) is y = vx^. Plot the curve represent- 
ing this function; find the formula for Ay; and calculate Ay when x = 2 and 
Ax = .3. 

2. The space, «, traversed in time t, by a body falling in a vacuum, is « = ^ ^ ^*, 
g being constant and t expressed in seconds. Plot the curve which shows the 
relation between s and t\ find A« in terms of t and A^; and find the increments 
of «, if A^ = 1, at the end of 3, 5, and 10, seconds. 

3. The volume, t>, of a sphere of radius r, is -» = ^tH. Plot the curve repre- 
senting 17 as a function of r ; find At; in terms of r and Ar ; and find the increment 
added to the volume, when r = 3 and the increment .5 is given to radius. 



CHAPTER III. 

DERIVED FUNCTIONS (DERIVATIVES): AND THEIR 

GEOMETRIC MEANING. 

8. RATIO OF THE INCRSMSNT OF THE FUNCTION TO INCREMENT 

OF THE VARIABLE. 

In the function 

(1) 2/ = »* — 6ar»+9a; 

of § 6, it has been shown that 

(2) A2/= (3aj2— 12aj+9) Aa;+(3a; — 6) (Aa:)2+ (Aaj)», 

where Ay is the increment of the function, produced by giving the 
variable x an increment A a;. 

From equation (2), by division, the ratio of the increments is 
found to be 

(3) ^=z3«^— 12a;+9 + (3a; — 6) Aa;+(Aa;)2. 

By assigning values to x and A a;, in equation (3), this ratio is 
easity calculated. It will, obviously, be positive if Ay and A a? have 
the same sign ; and negative if their signs are unlike. 

In general, for any function yz=zf(x)^ as shown in equation (9) 

of §6, 

(4) A2/=/(aj+Aaj)— /(a;); 

whence, 

/gx £S.y _ f(x-{'£i^x)—f{x) 
^ ' Aa; Ax ' 

which is the general expression for the ratio of the increment of 
function to increment of variable. 

9. THE DERIVED FUNCTION, OR DERIVATIVE. 

In equations (2) and (3) of § 8, give x the fixed value x-^ ; and 
let the corresponding value of the function be y^. Then we get 

(1) ■ Ay=(3aJi2_l2a;i + 9) Aa;+(3a;i — 6) (Aa-)«+ (Aic)«; 

(2) ^ = 3a;i«— 12aJi + 9 + {^x^ — 6) Ao; + (Aa;)^ 

i^ X 
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The increment A a;, being perfectly arbitrary, may be required to 
vary in any manner we choose. It should be noted, however, that the 
fixed quantities Xi and yi are not changed, by causing A a; to change 
value. To fix the ideas, let us suppose Ax to start with some posi- 
tive value, and then to assume, in successive numerical order, a set of 
values such that each shall be less than the one immediately preced- 
ing it, — that is, let ^x be a positive^ decreasing^ variable quantity. 
Let it be postulated, moreover, that this process of assigning values 
to A 0?, is capable of such continuation that the values assigned to it 
shall finally become less than some fixed value, which can be chosen 
arbitrarily small, — that is, let it be assumed that Ax can be made as 
small as we please. 

If A a: is made to vary in the manner just defined, equation (1) 
shows that the numerical value of Ay will decrease as we decrease 
Aic ; and that we can cause Ay to take as small a numerical value as 
we please, by choosing Ax small enough. 

This may be expressed by sayir^: we can make Ay approach the 

*limit zero, by causing Ax to approach the limit zero: or, it may 

be expressed more briefly, still, by saying: Ay is an if infinitesimal 

if Ax is an infinitesimal. 

At/ 
An inspection of equation (2) shows that the ratio — ^ will ap- 

LA X 

proach the limit Sxi^ — 12a;i -|- 9, as we make A a; approach the limit 
zero. This may be formally expressed by the equation 



* When a variable quantity X, approaches in value a fixed quantity A, in such 

a way, that the numerical value of the difference A — JTy can be made to become, 
and remain, less than a fixed positive quantity o^, which may be chosen arbi- 
trarily small, — then JT is said to approach the limit A; or, ^ is called the limii 
of X. This may be formally expressed : lim. [X] = A. 

t If the limit A, of any variable X, is zero, Xis called an infinitesiTnalj — that 
is, Xi« an infinitesimal if lim. [X] = 0. 

The student should note, carefully, the two essential properties of an infin- 
itesimal, viz. : 

a) it is a variable^ b) it approaches the limit zero. 

Zero is not an infinitesimal; for zero is a constant. A minutely small, fixed 
quantity, is not an infinitesimal ; though it may be one of the values which the 
variable infinitesimal can take. 

Values actually assumed by an infinitesimal, need not be, relatively, very small 
— it is only necessary that we shall be able to make them small, if we wish to; 
and, to make them as small as we please. 
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when y =1 Qc^ — 6a;^+9aj. 

If we had used the value x^ for a, instead of Xi^ the result 

A V 
would have been obtained ; that is, the limit of the ratio — ^ will have 

Aa; 

different values if different initial values of the variable x are taken ; 

and this limit is determined in value when x is fixed. Hence, the 

Ay 
limit of the ratio — ^ ts, in this example, a function ofx, 

^M X 

If we leave x unrestricted, we shall get [see equation (3) § 8] 

Av 
which is the general value of the ratio — ^, when the function given 

fc* X 

is y =: a^ — Qx^-\- 9x. 

This new function, 3x^ — 12a5-|-9, obtained from y=^a^ — 6x^'{'9x 

Ay 
as the limit of the ratio — ^ when A a? approaches the limit zero, 

ijk X 

is called the first derived function of the given primitive function^ 
yz=ix^ — 6a:^+9ic, with respect to its variable x. It is called, also, 
the derivative, with respect to x, of the function y = x^ — 6 a5^ + 9 «. 

A more compact symbol than , — ^ , which we shall use, 
is D^y ; that is, 

w) «.^-J!^o[^a• 

Hence, if y z=z x^ — 6 x^ + 9 x, 

(7) D^y = D^(i;^ — 6x^ + 9 x) == Sa;^ — 12a;+ 9. 

The general function, y=f{x), may be treated in precisely the 
same manner as we have just now considered the special function 
y=za^ — 6ic*+9a;. From § 8, equation (5), we thus get, as the 



* The symbol J- means " approaches the limit." 
t The symbol = means *' is identical with.' 



»» 
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most general expression for the first derived function of the primitive 
function y=.f(x)^ the following : 

(8) z,.,.^^(.) = ^.u^^[Ai±|5W(')]. 

The derived function of y =/(a;), defined by equation (8), is, in 
general, a new function of a;, whose form will be completely fixed 
when we assign a form to y =/(a;) ; that is, if a primitive function 
y =:f(x) is given, its derived function , D^f(x), is a determinate func- 
tion of X. This will be shown later for all the common, or ordinary, 
fonns of /(»). Every derived function may be calculated, directly, 
by using equation (8) ; but we shall soon develop rules for calcu- 
lating derived functions, which, although based on equation (8), 
are much more direct and simple than the inunediate application 
of (8) would be. 

The process of obtaining the derived function from the primitive 
function, is called differentiation — to differentiate a given primitive 
function, is, to find its derived function. 

The phrase "derived function" is generally shortened to derivative. 

In the foregoing discussion, leading up to equation (8), A a; was 

restricted to positive values. This restriction is not, in general. 

At/ 
necessary. The value of the limit of --^, for a given value of x, say oji, 

will, generally, be the same, whether A a? is taken positive or negative. 

Exercises, 

1. Calculate, by using equation (8), the following derivatives : 

a) D^= 1, b) D^a- 0, 

c) Z>a.a;«= 2a;, d) D^x^-2ax, 

e) DJ^x^ + 6) = 2ri:, /) B^x^ = Sx^. 

2. If m is any positive integer, show that D^^"^ = mx'"~^. 

3. Show that DWx = — 7- • 

4. If M is a function of x, and f{u) is a function of m, show that 

^x/(w) = DJ{v)D^u. 

5. If u is a function of a;, show that D^ u = aDj.u, a being a constant. 

6. If « is a function of x, show that D^'>^ u = — 7= D^u. 

2Vw "^ 

7. Show that DjM^ = m w'"~^ D^-u^ when u is a function of re, and m is 
a) a positive integer; h) a positive fraction; c) a negative integer; d) a nega- 
tive fraction. 
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8. If u and v are functions of x, prove the following : 
a) D^{u ± r) = p^u ± D^v, 
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') ^» (D = 



r i)^M — U DjO 



0. Given that ^^^ f^T"! ~ ^' ®^^^ *^* 



a) Z>a^in w = cos u D^xty 

b) Dj.cos M = — sin w D^u, 
when II is a function of x. 

10. By means of the results in exercises 8 (e) and 9, derive the following : 

a) Z>2tanK = sec'uD^u, 

b) Z?jfCtnu = — c8c*m2>jjM, 

c) DjSec u = sec u tan u Dj.u, 

d) Z?3pCsc M = — CSC M ctn u D^u, 

e) D^versu = Bin uDj.u J 

f) Dgfiovers u = — cos u D^u. 

11. Given that ,!!!^ f^i + 1^1 = 2.7182818 += e, prove that 
a) DJogaU = — ^ DjM ; and if a = « this becomes 



u 



1 



b) D^logeU = - D^u. 



10. GEOMETRIC MEANING OF THE RATIO OF THE INCREMENT. 

Let the curv^e AB^ in fig. 3, be the locus of the equation y=f(x) ; 
and let OMi = .Ti, and M^Fi = y^ =/(a:i), be the coords, of a fixed 
pt. Pi on AB, Let M^N=: Aa = P^R : then 0N= OM^ + M^N= 
iBi + Ax, and .^Q =:/(a;i + Ax). 




Fvy.S. 
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Hence, H^y z=z RQ— NQ — NR= NQ — M^P^ 

. Ay ^ f{x, + Aa?) —fjx,) ^ RQ 
' ' Ax Aa; F^R' 

Draw the secant PiQ. Then PiRQ is a right triangle, and 

PiR Aa? Aa; 

Hence^ the ratio of the increment of the function to the increment of 
the variable J expresses the slope of the secant joining the points (ajj, yi) 
and («! -|- Aa, 2/i-|-Ay), on the curve which represents the given 
function. 

Exercise. 

Find the slope of the secant line joining the points of the curve 
y = a^-Qa^ + 9x (See fig. 2 of § 6), 
corresponding to «i = i and x^ + A x = f. Ans. 2fJ^. 

U. GEOMETRIC MEANING OF THE DERIVATIVE OF A GIVEN 

FUNCTION. 

Let the curve ^P^ Q-B be the locus of the given function y =zf(x). 
Then, as in § 10, it may be shown that 

(1) t.nAEP.Q = -^=.^ = -^-(^l±^tzm. 




jiy.A. 
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Under the conditions stated in the definition of the derivative, 
MiN^Ax:LzO [see § 9, (8)]. This will cause the point Q to tra- 
verse the curve towards Pi, making the secant Pi Q rotate about Pi. 
Obviously, the secant will approach, as its limiting position, the 
line TP^t^ which is the tangent to the curve at P^. Hence we get 
the following: 

(2) aI'S [ ^ RP^Q] = L RPit = L X TP, ; and 



(3) A"^o[*-^^^^«]=Ai™o[^a 



_ lim r /(a?i + Aa;)— /(an) "] 
• Ajc^oL Aa; J 

= DJ{x) I = tanXTPi. 

\x = x^ 

Therefore, the value of the derivative of /(a;), when x^ is substi- 
tuted for a;, is the slope of the tangent to the cui-ve y =/(«), at the 
point whose abscissa is x^. 

So we may show that, in general, D^f(x) is, for a given value of 
aj, geometrically rejyresented by the slope of the curve y =z/(a;), at the 
point on the curve whose abscissa is the given value ofx. 

The phrase "slope of a curve at a given point" means, the slope 
of its tangent at that point. 

For illustration, take the function f(x) = x^ — 6ar^ + 9 a;. Here 
we have found that D^f(x) = Sa;^ — 12a; + 9 = 3 (a; — 1) (a? — 3). 

(The locus of y = a;* — 6a;^ -|- 9a; is shown in fig. 2.) 

If a; = 1, or a; = 3, D^f(x) = ; and the curve is parallel to the 
a;-axis. 

If a;<]l, D^f(x) is positive; and the curve, in this region, makes 
an acute angle with the a>-axis. 

If l<^a;<^3, D^f{x) is negative ; and in this region (from A to B 
in fig. 2), the curve makes an obtuse angle with the a;-axis. 

If a;^3, D^f(x) is positive ; and in this region (from 5 on to the 
right), the curve makes an acute angle with the ar-axis. 
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Exercises. 

1. Determine where the curve y = ainx a) is parallel to, h) makes an acute 
angle with, c) an obtuse angle with, the x-azis. 

Can this curve be perpendicular to the a;-axis? 

2. Where does the curve y = -^x make an acute angle with the x-axis? 
Find the slope at iCi = 1, — at Xj = 4? 

3. Where does the curve y = -v 4 — x* make an obtuse angle with the x-axis? 
What is its slope at Xi = — 1 ; — at Xj = 1 ; — at Xg = 2 ? 

4. What is the slope of the curve y = - at x. = — 2 ; — at Xo = — 1 ; — at 

X 

Xj = ; — at X4 = 1 ; — at X5 = 3 ? 
Plot the curve. 



CHAPTER IV. 

GEOMETRIC APPLICATIONS OF DERIVATIVES: CONTINUOUS 
VARIATION OF VARIABLE AND FUNCTION: TESTS FOR 
INCREASINC; OR DECREASING FUNCTIONS. 

12. TANGENTS, NORMALS, SUBTAN6ENTS AND SUBNORMALS. 

Let the curve AB be the locus of the function y=zf(x)^ or of 

/(^, y) = 0. 

Let Pi be some fixed point on AB, ha\4ng the coordinates OMi = x^ 
and MiPi = y^. Let TP^t be the tangent, and NPiH be the normal 
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at Pi. If the tangent and normal at Pi meet the a- axis in T and N, 
respectively, then the projection TM^, of TPi, upon the aj-axis, is 
called the subtangent of Pi ; and the projection MiN, of Pi-^, on 
the 5c-axis, is called the subnormal of Pi. 
From § 11 we get tanXTPi = D^f{x) 



X = X. 



hence, from Analytical Geometry, the equation of the tangent TPi^s 



(1) y — yi = DJ{x) 



(a — aji). 



X = X, 
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Also, £XNPi= ^NP^T+ ZX!rPi = 90°+ ^XTP^i 
. • . tanXiVrPi = tan (90° + XTP^) = — ctnXTPi 

— 1 —1 



tanXTPi I>J{p^) 



»=*! 



Hence, from Anal. Geom., the equation of the normal NP^n is 

— 1 



(2) 



y — yx = 



i>J{^) 



{x Xi), 



x = x^ 



By Trigonometry, we easily get, from the right triangles TM^ P^ 

MP MP 

and MiNP,, TM^ = ^ ^r^^ , and M^N^ ' ' 



tan M^ TPi ' ' tan M^ NP^ 

But M^ Pi = yi, tanJfi TP^ = DJ{x) 



and tan M^NPy^ = etn X TP^ = 



1 



tanXTPi I>J{?i) 



«=*! 



Whence we get the following formulae for the subtangent and sub- 
normal at Pi : 



(3) Subtangent = TM^ = 



Vi 



DJ{x) 



X = Q^ 



(4) Subnormal =z MiN=: yiD^f{x) 



X = a^ 



The foregoing formulae, for equations of tangent and normal at 
Pi, and for the lengths of the subtangent and subnormal, are per- 
fectly general ; and may be used for all functions for which the value 
of D^f{x) can be calculated. 

x=x^ 

Exercises, 

1. Find the equations of the tangent and normal of the following curyes, at 
the point specified on each. 

where a^ = 8, 

I, = 2, 



a) y = 2 a;' — 6 2 
6) y = 4i3_7 



d) y* = 2mx + nx^ 



a 



a 



«i = — i, 



flfj = wi. 



2. Find the lengths of the subtangent and subnormal, for each curye in ex. 1, 
at the point giyen on each. 
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13. ANGLE OF INTERSECTION OF TWO CURVES. 

If two curves intersect, their angle of intersection is the angle 
formed by their tangents at their common point. 

Let two curves, APiB and OPiD, intersect at Pi ; and let TPi 
and BPi be their tangents, at the common point Pi. Then their 
angle of intersection is ^ TPi R. 




Fi^.tp. 



But / TPi^ = Z XEP^ — ^XTP^ : hence 

(1) tan TPi^ = tan {XRP^ — XTP^) 

__ tan XRPi — tan X TP^ 
~" 1 -f tanX^PitanXTPi' 

Suppose the equations of the curves AP\B and CP\D are y = / (as) 
and y z=: ^ (a), respectively : then, from § 11, we get 



tanXTPi = Z)^/(aj) 
Substituting in (1) gives 

(2) tanrPii? = 



; and tanX^Pi = D^</> (a?) 



X = Ij 



- DJ{x) 

X= X, 



rc = X, 



l + i),^(a5) 



x = X^ 



x= x^ 



which is a general formula for the angle between two intersecting 
curves. 
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Eicercises. 

1. Find the angle, — or angles, when they intersect in more than one point, — 
of intersection of the following curves : 



a) y — 2i 


and 


y»-8a, 


V) y^ = 4:ax 


(( 


4a 


. 2 

c) y -- 


(( 


y'-»»- 



2. Show that the length of that part of the tangent to the curye x' + y' == a' 
intercepted between the coordinate axes, is constant, and equal to a. 

3. Find the angle of intersection of the curves : 

(i) y •=. sin % and y •=. cos x, 

J) y = sina " y — tan*, 

c) y = cosx " y = tanx, 

14. CONTINUOUS VARIATION OF VARIABLE AND FUNCTION. 

The variable x is said to vary continuously^ from a value Xq to a 
value flj^, when it takes, in the order of numerical sequence, the 
series of values 

Xq^ a?!, 0/2, flJg? ^4? • • • ^n » 

and when the successive differences, or increments, 

aJl Xq^ X2 Xi^ fljg X2^ .... X^ '^n — lj 

are all infinitesimal. (See definition of infinitesimal.) 

The successive increments Xi — Xq^ X2 — aJi, x^ — ajg, etc., are not 
necessarily equal ; but, as they may be arbitrarily chosen, it is pos- 
sible to make them all equal, — that is, we may, for simplicity, take 

•Cj ~^~ Xq — — X2 ~~~" fl>j — X^ ~^~ X2 ^— ... — ZX X, 

We may say, therefore, that the variable x changes value con- 
tinuously, from a fixed value Xq to a fixed value x^y if it assumes, 
successively, the set of values 

^05 Xo~\-^x, Xq-\-2^x, 0^0 + 3 Aa;, . . . o^o + (^ — I) Ax, x^, 

which have the common increment A a; and when A a; can he made 
arbitrarily small. 

If Xq<^x^, then x is increasing; and all the increments are posi- 
tive: but if Xq^x^, then x is decreasing, and its increments are 
negative. 
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The continuous variation of a, from Xq to a;^,* as above defined, is 
said to cause a corresponding continuous variation of the function 
y =zf{x)y from the fixed value 2/0 =/(^) to y^=if{x^^ when each 
of the increments 

is an infinitesimal. 

If the increments of x are equal, we may put the increments of the 
function in the forms /(Xq -f" ^^) — /(^o)» 

f{Xo+2Ax)—f(Xo + ^x), f(Xo + S^x)—f(Xo+2^x), etc. 

The definition of continuous variation of the function y :=f{x), as 
x varies from a?© to o;^, may be expressed : y =. f{x) varies continu- 
ously, from 2/o=/(«o) to y^=zf(xj, if Ay=f(x + ^x)—f(x) 
is an infinitesimal (A a? being an infinitesimal) for every value of x 
from Xq to as^, including x^ and x^. 

The function tanaj fails to satisfy the foregoing definition at 

IT 1 

x=z -; the function fails to satisfy the definition at a? 1= 1 ; — 

z 1 "~~~ X 

these functions are said to be discontinuous at the values of x specified. 

X 

+ x' 
if aj<^0, and a; = 0, the function approaches the value — ^: but, 



The function tan-^f - ] — - — r — 3 is discontinuous at a; = ; for, 

\xj 1 



w 



if aj^O, and a? = 0, the function approaches 4-^- ^^ this case 

the discontinuity v& finite. 

The ordinary functions are rarely discontinuous, except for single, 

isolated, values of the variable. For example, tana; is discon- 

It 
tinuous only at the values x^^n-, where n is any odd integer. 

£1 



15. TEST FOR AN INCREASING OR DECREASING FUNCTION. 

Suppose the variable x to increase from a fixed value a^o to the 
fixed value a;^ (^o<C^n)- The function may, (1) increase all the 
way, (2) decrease all the way, or (3) part of the way increase, and 

part of the way decrease. For example, y z= Va^ — x^ increases 
from to a, as a; increases from — a to ; but decreases from 
a to 0, as X increases from to a. The function y^=i sin a; some- 
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times increases, and sometimes decreases, if x varies from aJo = to 
x^= 27r. (See § 4.) 

We wish to establish a test by which we can determine whether, 
at a given value ajj, the function y z=:Lf{x) is increasing or decreas- 
ing, as X increases from x-^ \.o x^ -\- ^x^ ^x being a positive infinites- 
imal increment. (See fig. 3.) 

The increment of 3/, at this value of sc, is A2/=i/(iCi + Aa;) — /(i»i) . 

If f{Xi -f- Aic) >/(aJi), then y z=.f{x) is increasing, as x passes 
from iCi ; and A 2/ =zf(Xi -f- ^^) — /(^i) i® positive. 

Conversely, if /(^i + Ace) — f{^i) =^ Ay is positive, then 

f(x, + Ax)^:>f{x,), 

and y=:f(x) is increasing, as x increases from x^ to ^i -|- Aa. 
These conditions hold true, however small A a? and Ay become. 
Hence, we get the condition: 

(1) D,y 



=: lim 

Ax 



m FAi/"] 

= oLasJ 



a; = Xj 



18 positive if y=.f{x) is increasing^ as x increases from the value 
Xi: and ^ conversely^ if D^y __ is positive^ y=zf(x) is increas- 
ing ^ as X increases from x^. 

So it may be shown that, throughout any continuous range of 
values of a;, all of which make D^f(x) positive, the function 
y^=.f{x) will increase as x increases; and, therefore, decrease as x 
decreases. 

For example, take the funption 2/= sin a;. Here, D^y =z qosx^ 

IT IT 

which is positive if — «<C^<Co' ^^^ce, sinx increases while x 

IT IT 

increases from — - to -; and, sinx decreases if x decreases from 

2 2 

^to-^. (See §4.) 

In like manner it may be shown that, if D^f{x) remains negative, 
throughout a continuous range of values of a;, then / (a;) decreases as 
X increases; and increases as x decreases, 

IT StT 

For example, Da. sin a; = cos a; is negative if q<C^<C"S"5 hence, 

sin a; decreases as x increases from - to -^r-. (See § 4.) 

2 2^ ^ 
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A few simple curves, constructed by the student, will show, graph- 
ically, that when any curve is rising from left to right (that is, the 
function increases as the variable increases), its slope is positive: 
and, if it is falling from left to right, the slope will be negative. 

Exercises. 

1. Determine a) the ranges of yalues of x which make y = 2a:^ + 3x* — 36at 
increase as x increases ; and b) the range of values of x which make it decrease 
as X increases. 

2. Determine the values of x, at which the above function changes from 
decreasing to increasing ; or, vice verka. 

3. Show that the function y = 2>^px increases, always, as x increases. 

4. Determine the limits of x between which the locus of the function 
y = - ^ x^ — a* is descending from left to right ; — is ascending from left to 
right. 

5. Show that the function y = tans increases, always, as x increases. 

6. How do the following functions vary, as x Increases : 

«) y = ^» ft) y = sin-»«, 

c) y = tan-*«, d) y = logs? 



CHAPTER V. 

SUCCESSIVE DERIVED FUNCTIONS, OR SUCCESSIVE 

DERIVATIVES. 

16. THE SECOND DERIVED FUNCTION, AND HIGHER DERIVED 

FUNCTIONS. 

Consider the function y ■=. af*, when m is some positive integer. 

Its first derived function is D^'^ = moif^^^. 

Obviously, moiS^''^ is a function of a, and can be differentiated. 
We get D^D^QiS^ ^ D^mTf'-^ =m(m — 1) af»-^ 

This expression, m(m — l)aj"*~^, is the first derived function of 
the first derived function; and is called the second derived function 
of the primitive function, af*. It is denoted by the symbol 

In like manner, we get the third derived f miction of af* to be 
DJaf'^DJ)^^x^ = Djn(m—l)x^'-^= m{m — l) (m — 2)a^-«. 
The fourth derived function of of" is 

D^^af^DJ^Jar=m(m—l) (m — 2) (m — 3)af«-*. 
Similarly, the m'* deHved function of of" is 

D^yf= [m; and, the (m + 1)'* is Z>/» + V»= 0. 
All higher derived functions of a;"*, m being a positive integer, are 
zero. In this example the differentiation terminates at the m^ derived 
function. It is not thus with all functions. 

Exercises, 

1. Find the fourth derived functions of the following 

a) y = (1 + x)™, c) y = (1 + a;*)™, 

h) y={l — a;)'", d) y = [l — x^)"^. 

2. Show that 

Z>a:8ini = sin {x + ^V Z)x*sinx = sin (re + -^V 



Z)x"* sin I = sin \x + ^) • 

3. Show that Dx^cosx = cos (x + ^y^. 

[In examples 2 and 3 the differentiation can be carried on indefinitely.] 
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4. Plot the following curves : 

a) y = sina;, c) y=. D^Bmx = — sin*, 

6) y = Dxsiiix = cosx, d) y = Dx^sinx = — eosa;. 

[Place these four curves on the same axes, using a large enough unit to make 
a good, open, figure.] 

17. AN INTERPRETATION OF THE ALGEBRAIC SIGN OF THE 

SECOND DERIVED FUNCTION. 

Let y =if(x) be the primitive function. It has been shown that 
if DJ'^x) is positive, throughout a given range of the values of sc, 
then f{x) increases as x increases over that range ; and that when 
DJ'{x) is negative, throughout a given range of a;, then f{x) de- 
creases as X increases. 

Now, the first derived function, D^(x)^ is the primitive function 
of the second derived function^ D^f(x) ; hence it follows that D^(x) 
is increasing or decreasing, throughout a given range of values of x^ 
as X increases over that range, according as -D^V(^) remains positive 
or negative. 

For example, if y= sina? is the primitive function, Z>^sinaj= cos a?, 
and Dg^nmx z=z — sina. Then, D^^sina; is negative if x has any 
value from to ir ; and is positive if x has any value from ir to 2ir\ 
which shows that D^^sina; zn cos a; is increasing from a; = to aj =: ir, 
and is decreasing from aj = irtoa;=2ir, — as we know, from Trigo- 
nometry, to be the fact. 

In like manner, the sign of the third derived function^ for any given 
range of values of a?, will determine whether the second derived func- 
tion is increasing, or decreasing, throughout that range. 

Similarly, the sign of the m'* derived function^ will determine 

whether the (m — 1)** derived function is increasing, or decreasing, 

as a; increases. 

Exercises, 

1. Plot the curves representing the primitive y = «• — 5* + 4, its first, and 
second derived functions. Place them on the same axes; and show that the 
first derived function increases from x=— ootox=+Qo. 

2. Plot the curves representing the primitive y = 2a;* — 15a;' + 24 j, and its 
first and second derived functions, — placing the three curves on the same axes. 

Show that the primitive function increases from x=— a)tox=l; decreases 
from X = 1 to x= 4 ; and increases from x = 4 to x= +od. Show, also, that 
Dxy decreases from x= — oDtox = ^; and increases from x = ftox= +od. 

[Note that the curve representing the first derived function crosses the x-axis 
for values of x at which the primitive function changes from increasing to de- 
er easing; or, vice versa. Note, in this respect, the curves traced in ex. 4 of § 16.] 



CHAPTER VI. 

JVIAXIMUM AND MINIMUM VALUES OF FUNCTIONS: 

APPLICATIONS. 

18. MAXIMUM VALUES OF A CONTINUOUS, SINGLE-VALUED, 

FUNCTION. 

Let y =z f{x) be the given function. Let ^i be a value of x which 



makes the first derivative vanish ; that is, D^f{x) 



= 0. Then, at 



X 



the point Pi, (iCi, i/i), of the locus of y=:f(x)^ the tangent must 



be parallel to the aj-axis ; since (§11) D^f{x) 



is the slope of 



a; = X, 



the tangent at Pj. One of the cases in which the tangent is parallel 
to the a- axis, is shown in the adjoining figure, in which the curve 




QPiR represents the function y=zf(x). In this case, the ordi- 
nates of the curve immediately on each side of the point Pi, 
are, obviously, shorter than the ordinate of Pi, where the tangent 
Pi^ is parallel to the x-axis : that is, the value of the function 
at Pi, f(Xi) =1 yi = MiPi^ is greater than either of the values 
/(sci — Aa;)=^Q, or /(oji + Ax) =r iyP. Hence, the value 
/(aji) = M^Pi is called a maximum value of /(«). 

The further tests for a maximum are obtained by noting that 
NQ^=zf{x) is increasing as Q approaches Pi ; that is, as a; increases 



29 



[§i8 



up to QSi : and, that LR=f(x) is decreasing as M recedes from Pj ; 
that is, as x increases above x^. From § 15, D^f(x) is» positive 
when /(a;) is increasing (x being supposed to increase), and negative 
when f(x) is decreasing. Hence, as x increases from ON, through 
OMi = x^ up to OL, D^f{x) decreases from the positive value 
tanXTQ, through zero, to the negative value tanXSM. Then, 
since D^f{x) is decreasing at a; = oji, its derivative, D^f{x), roust 
be negative at x-=.x^. 

Conversely, it may be shown that if 



(1) DJ{x) 

(2) D^^fix) 



=z 0, and 
x= x^ 

is negative, 



x= z. 



then yi=zf{Xi) is a maximum vcdue of y=.f{x) ; for, since D^y 

= ; and, 

must be posi- 



is negative at a =: aji, D^y is decreasing. But D^y 
therefore, assuming D^y to be continuous, D^y 



tive, and D^y 



a;>«i 



must be negative. Hence, y=zf(x) 



must be increasing as x increases, and y=:f(x) 



must be 



«>ai 



decreasing as x increases. If, therefore, conditions (1) and (2) 
are satisfied at a fixed value x^ of a, for any continuous function 
y=if{x), then the function will have a maximum value when this 
value Xi is substituted for x. For example, if y nz sin a, then 



IT 



2)a.y ^ cosaj=z and B^y z=l — sinaj=: — 1 when « = -: hence. 



y =1 sin a? has a maximum value when x := 



IT 



In the foregoing, it is assumed that both y = f{x) , and D^y^ are 
finite and continuous for a; = sci ; as well as for values of x just 
below, and just above, x^. The student will have little difficulty 
in detecting the cases, when the function and derivative are not 
continuous. 

It is interesting to notice that, at a maximum value of y =zf{x), 
the first derivative curve, y =z Dxf{x), crosses the x-cucis, falling 

=z 0, and DJ'fix) 

X= X, 



obliquely from left to right; since D^fix) 
is negative. 



x = x. 



i8] 
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It may be seen, from an easy investigation, that the preceding 
conditions for a maximum of 2/ =/(»), apply equally to the case 
shown in fig. 8, when the curve is below the x-axis; that is, when 
2/i=/(aJi) is negative. In this case, since NQ^ -^lA? and LR^ 
are negative, it is still true that NQ<^MiFi^LR, 




ry.i'. 



Problems. 

1. Find the edges and volume of the open box of greatest content, which can 
be made from a sheet of metal a inches square, by cutting equal squares from 
the corners and bending up the sides. 

2. Solve problem 1 when a rectangular sheet of metal, a inches long and b 
inches wide, is used instead of a square. 

3. Find the base, altitude, and area, of the rectangle of maximum area, 
inscribed in the triangle whose base is b and altitude is a. 

4. The I ^J^ of a beam of rectangular cross section, being proportional 
to the product of its breadth by the I ^^^f''"® I of its depth, find the breadth and 

depth of the I ^ ^?S^ . I beam that can be cut from a cylindrical log, 2 a inches 
in diameter. 

5. If the common slant height of a series of right cones is a, find the radius, 
altitude, volume, and semi-vertical angle, of that one having the greatest 
volume. 

6. Show that the square has the greatest perimeter and area of all rectangles 
nscribed in a given circle. 
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7. In a voltaic cell the electromotive force = / and internal resistance is r. 
Suppose the external resistance is R ; then the power given out is 

(r + Ry 

Assuming / and r constants, and R as independent variable, find what relation 
exists between r and R, when the power Pis a maximum. 

8 . Find the radius and altitude of the right circular cylinder of maximum 
volume, that can be inscribed in a sphere whose radius is a. 

9. An open gutter, whose cross-section is an isosceles trapezoid, is to be 
made of a sheet of copper a -{- 2 b inches wide ; the width of the base being a 
inches, and the breadth of the equal sloping sides being b inches. Find the 
width, across the top, which will make the carrying capacity of the gutter a 
maximum. 

Show that, if b = a, the width of the top is twice the width of the bottom. 

10. A strip of metal, 2 a inches wide, is to be used in making an open gutter, 
whose cross-section is a segment of a circle. Find the angle subtended at the 
center by the arc 2 a, and the width across the top, when the carrying capacity 
of the gutter is a maximum . 

19. MINIMUM VALUES OF A CONTINUOUS, SINGLE-VALUED, 

FUNCTION. 



y 







-^x 



Let y =zf(x) be the given function, and let QPiR be its locus in 
rectangular coordinates. It can be readily shown, as in § 18, that if 



(1) i>j(^) 



(2) D,^f(x) 



=z 0, and 

I = X, 



is positive, 



x = x^ 



§19] 
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then the ordinate M^P^ z= 2/1 =/(^i) is less than either the ordinate 
NQ =f{xi — Aaj), or LR =/(aJi + ^^)^ immediately before and 
after x reaches x^. 



For, if D,^f(x) 



is positive, then D^f{x) is increasing as 



X = OCj 



X increases through x-^. But, D^f{x) 
D^f{x) to be continuous, D^f^x) 



=L : hence, assuming 
:=tanXTQ is negative; and 

X<Xi 

is de- 



= tanXSM is positive. Therefore, /(a?) 

X>Xi 



X<Xi 



creasing^ and /(a;) is increasing. That is, if conditions (1) 

X>Xi 

and (2), above, are satisfied, then 

nx, — ^x):>f{x,)<^f{x, + Ax). 

In this case, f{x) is said to have a minimum value when x =1 Xi. 

As in the case of a maximum, the function may be negative ; that 
is, its curve may lie below the aj-axis; yet the same tests, (1) and 
(2), will apply, as may easily be proved. 

Note that, at a minimum of y ^= /(®) ? ^® first derivative curve 
y =. D^f{x) crosses the x-axis obliquely upward toward the right; 
since D^f{x) = 0, and D^f{x) is positive. 

X = Xi X = Xj 

Other tests for maximum and minimum values ofy=z f(x) , which 
apply to cases that occur rarely, will be given in section 20. 



ProhleTns, 

1. A rectangular box, open at the top, is to be constructed so as to contain a 
given Tolume F. Find its base and altitude when the least possible material, of 
given thickness, is used in its construction. 

2. Solve problem 1 when the top is to be closed. 

3. A body, of weight P, is drawn along a horizontal plane by a force y, 
whose line of action makes an angle x with the plane. If the friction of unit 
weight, perpendicular to the plane, is /, show that y will be a minimum when 

tanx =/; and, then y = "/ 

4. A ball rolls down a smooth .inclined plane, which makes an angle x with 
the horizontal plane. The time, /, required to pass over a given horizorUal dis- 
tance, a, is given by the formula 

j^^^'sinx = asecx. 

What angle x will make i a minimum? 
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5. A wall a feet high is h feet from a house. Find the length of the shortest 
ladder that will reach the house from the ground outside the wall ; and the dis- 
tance from the foot of the ladder to the hottom of the wall. 

6. A series of n equally careful observations, giving the n results a^, a,, a,, 
a^ . . . a„, not all equal, were made to determine an unknown magnitude x. 
The errors of the several observations are, obviously, 

X — fltj, X — Aj, X — Ay, . . . X — a„ ; 

and it is equally probable that any given result, a^, is in excess or default ; so 
that any one of the above differences may be either positive or negative. In any 
case, that value of x is, probably, most nearly correct which makes the sum of 
the squares of the errors, viz. : 

y=(x-aO« + (x-a,)«+(x-a,)«+ . . . + (x - aj«, 

a minimum : find this value of x. 

7. Within an angle BAdia given a point P, through which it is required to 
draw a straight line, so that the area of the triangle enclosed shall be a minimum. 
Show that the line is bisected at P. 

8. What are the most economical dimensions of a cylindrical tin cup, holding 
a given quantity Q, the cup being open at the top. 

9. What are the most economical dimensions of a closed cylindrical tin can, 
required to hold a given volume V. 

10. Find the coordinates of the point on the curve y = — ^ ax — x* at which 
the subtangent Is a minimum. 



CHAPTER VII. 

CUSPS: KHNTS OF INFLEXION. 

20. CUSP MAXIMA AND MINIMA. 

The adjoining curves, AP^B and CP^D^ show that it is possible 
for a single-valued continuous function y=zf(x)^ to have a maxi- 
mum value (at Pi) ; or a minimum value (at Pj)? when the deriva- 
tive D^f(x) is infinite ; that is, when the tangent to the curve (Pih 
or P2^2) is perpendicular to the x-axis. 




J'X /cT' 



^. 



Fij. 10. 



At the (MSfp maximum Pj, the following conditions are readily 
seen to hold : 

(1) DJ(x) 



(2) D,f(x) 



(3) D,f{x) 



— <» , 






x — x. 






— tan X TP 


is 


positive, 


X<Xi 






— tSLiiXSR 


is 


negative. 


x^x. 
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At the cusp minimum P^, we see that the following conditions are 
satisfied : 

I>x/(a!) 



(4) 
(5) 
(6) 



=: 00 



X ^x. 



D.f(^) 



D.f{x) 



=z tan X TT is negative, 

X<Xi 

= t9,n XS'R' is positive, 

x>x. 

Whenever, therefore, a finite, single-valued, and continuous func- 
tion y z=if{x) satisfies, for any given value x^^ the conditions (1), (2) 
and (3),/(aJi) is a maximum; and if it satisfies conditions (4), (5) 
and (6), /(aJi) is a minimum. 

These cases are not common. 



21. POINTS OF INFLEXION. 

At the point Pi on the curve APPiRB^ which is the locus of a 
single valued function y =:/(«), the curvature is reversed. Such a 
point as Pi is called a. point of infleoeion. 

At Pi the curve crosses its tangent Pit] and Pit is called the 
inflexion tangent. 




Fy.Jl 



Let TP be a tangent to the curve at P, such that the abscissa, 
a?, of P is less than the abscissa Xi of Pi. Let x increase up to Xi ; 
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the angle XTP, evidently, decreases to the vUimcUe value XQPi; 
then, as x increases beyond Xi the angle XSB^ increases from 
XQPi. In short, the slope of the curve is a minimum at P^; that 
is, D^f{x) is a minimum at Pj. 

If the locus of y=if{x) had the position of the dotted curve 
DPiE^ it could, in like manner, be shown that D^f(x) has a maxi- 
mum at Pi» 

The characteristic property of a point of inflexion is, therefore, 
this: — 

At a point of inflexion^ on the locus of a . single-ViUued^ con- 
tinuous fun^stion y=:f(x)^ the slope, Dxf(x), is a maximum or a 
minimum. 

It may be shown, conversely, that a point at which the slope is a 
maximum or minimum, is a point of inflexion. 

Hence, the points of inflexion must be found by applying to the 
first derivative, D^f(x), the tests of §§ 18, 19 and 20 for maximum 
and minimum values. 

In general, therefore, the conditions for a point of inflexion are 



(1) Dm^) 

(2) D*f{x) 



= 0, 

is not zero. 



It may be noted that, if the inflexion-tangent is parallel to the 



o^axis, we have a case in which D^f{x) 



= 0, but y=f(x) has 



flf = Xi 



neither a maximum nor a minimum value. In this case. 



i>jfi=') 



= 0, DJfix) 



is not zero; 



X = Xl 



and it may be seen that the first derivative curve will tou^ch the x-axis 
for x=z Xi, instead of crossing it as noticed in the cases of maxima 
and minima. 

Exercises, 

1. Show that the locus of any single-valued function y =if(x') has its concave 
aide downwards ^ wherever D^^fix) is negative: and that its concave side is 
upwards wherever Dg?f{x) is positive, 

[Suggestion : — Show that Dxfip^) decreases^ or increases^ according as the 
concave side of the curve is down^ or up. 2 
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2. Show that if D^f^x) 
then /(i) 



«0, and />«•/(«) 



= 0, 



= 0, 2>xV(») 
will be a maaimv/m, if Dx*f(,x) is negative: and a minimttm if 
is positive, 

3. Show that, at x == x^ in y =/(x), if the last derivative which vanishes is 
of odd order (as the 3*** or 6**»), then /(x) will be a maximum, or a minimum, 
according as the next higher derivative is negative, or positive. 

4. Show that, at x = jj in ys=/(x), if the last derivative to vanish is of 
even order (as the 2"* or 4**»), then f(x) will have neither a maximum nor a 
minimum : but its locus will have a point of inflexion at x ^ x^, 

5. Show that the curve y = 8inx has a point of inflexion at x^ = 0; also, 
that y =: tan x has a point of inflexion at a^ = 0. 

6. Find the point of inflexion ; also the maximum and minimum values ; of 
the function y = »" — 6ac* + 9«. [See fig. 2.] 



CHAPTER VIII. 

DIFFERENTIALS OF FUNCTION AND VARIABLE. 

*22. DIFFERENTIALS. 

Let the curve AB in fig. 12 be the locus of the continuous, and 
single- valued, function y=f(x). Let Pi(aJi, yi) be a point on 
AB; and let Pit be the tangent at Pj. 

Give X the value ON=z OMi-\- MiN= x^ + MiN; and y will 
take the corresponding value NQ =. NR + i? Q = yi + i? Q. 

Let S be the point of intersection of the tangent Pit with the ordi- 
nate NQ : the coordinates of S are ON=z Jtfi + PiR =zXi-\- PiB, 
and NS = JSrB + BS = yi-\- BS. 

We have given (see § 5) to MiN smd BQ the names, respectively, 
increment of x and increment of y; and have used the symbols A a? 
and Ay to represent them. They are the differences between the 
coordinates of the two points Pi and Q, on the curve AB, 

Now, PiB (= MiN) and BS are the differences between the coordi- 
nates of the two points Pi and S, on the tangent Pit. We shall use 
the symbols dx, and dy^ to represent them ; that is PiB =z dx, and 
BS = dy; and shall call them, respectively, the differential of a?, 
and the differential of y. 




Tig. iSb. 
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It will be seen that, since PiM = MiN, 

(1) dx=z£ix; 

that is, the differential of x^ and the increment of x^ are equal. 

It will be seen, also, that RS and B,Q, cannot, in general, be 
equal. If, as in fig. 12, the curve PiQ lies above its tangent P^^i 
then RS <^RQ^ or dy<^Ay: but if, as may happen, the curve 
between Pi and Q should lie below its tangent at Pi, then dy'^^y. 
The student can readily convince himself by making suitable figures, 
that, except for special values of dx^ the only case in which dy is 
equal to Ay, is when the locus of y =/(x) is a straight line; that is, 
when y z=^f{x) is of the form y ■=. rax -\- b. 

Hence, in general, we find that 



(2) dy^^y 



Since dx and A a; are equal, dx can be regarded as the increment 
of x; and may be substituted for Air, if we choose, in every formula in 
which Air appears. 

But dy and A 3/ are not the same ; though an inspection of fig. 12 
will show that both dy and Ay are dependent infinitesimals; both 
approaching zero, simultaneously, when d« is made to approach 
zero. This may be seen better by noting that, in the right triangle, 
FJiS, RS = ta,nRP,S X PiR; that is, 

(3) dy = tB,nRP^S - dx: 

so that dy =^ asda;=;=0; since, if Pi is fixed, tani^Pi^S is con- 
stant, when da; is made to vary. 

Equation (3) shows, what may be seen also from fig. 12, that dy 
depends not only on dx, but upon tani^PixS* as well r so that, for 
equal values of dfx, dy will take different values at different points 
on the curs^e, since tani^Pj^S will vary upon all loci but the straight 
line. 

We have shown (see § 11) that, for any point of the curve 
y=zf(x), the slope of the tangent is expressed by the value which 
the derivative D^y assumes at that point. 

Then we may substitute for tani^Pi^S in (3) its value D^y 



and get 



X = X, 



(4) dy = D^y 



dx 



x = x^ 
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Eqaation (4) gives the exact relation between dy and dx at the 
fixed paint P^, If we do not restrict the point, but take P any point 
on the locus of yz=.f(x) ; then, the relation between dy and dx^ 
at P, will be exactly expressed by the equation 

(5) dy = D^dx^ or df(x) = DJ'(x)dx; 

in which it is understood that the particular value of D^y^ at P, is to 
be substituted. 

Hence dy can be calculated, for a given increment dx^ whenever 
D^ can be calculated. 

From equation (5) we, get 

(6) '£=D.y.. 

dy 
so that we may use the ratio -y^ as a new symbol to represent the 

derived function of y z=/(ic). 

We shall now extend the meaning of the terms "differentiation" 
and "to differentiate", to include the operation of finding the differ- 
ential of a given function; as well as the operation of finding the 
derivative. Hereafter, to differentiate a function, will generally mean, 
to find the differential of the function. 

As shown in equation (5) the differential of f{x) is obtained by 
multiplying the derivative of f{x) by the differential of x. 



CHAPTER IX. 

FORMULA FOR DIFFERENTIATING ORDINARY FUNCTIONS. 

23. FUNDAMENTAL DIFFERENTIAL FORHTJLJE. 

From the results of exercises at the end of § 9, we may derive the 
following differential formulae by using equation (5) of § 21 : — 

d 1/ 
I. diu-^v) =. du-±:_dVy X. (21og«i«= — , 

u 

II. duv = udv -^ vdu, XI. (Jsinu = cosucJv, 

TTT j/^\ vdu — udv . 

III. d{-) = 5 , XII. aco8i4 = — 8inuai£, 

IV. dau-=. adu^ XIII. dXAnu= %e(^udu, 
V. da=0, XIV. dctDM = — csc'wdtt, 

VI. df(^u)=DtJ'(u)duj XV. dsecu^^ secut&nuduj 

VII. dti"^ = mu"*~^ du, XVI. dc8cu= — cncuctauduj 

XVII. d vers u =■ sin udu, 

XVIII. d covera u= — cos udu. 

In the above formulae, u and v may be any ** ordinary" func- 
tions of X. In particular, we may put w = a; in any of them. 

For example, putting u = a; in X and XI gives d\og^x=z — , and 

Ob 

d sin a; = cosa^da:, respectively. So each of the others may be treated. 
The formulae above are sufficient for the differentiation of alge- 
braic, trigonometric, and logarithmic functions. We need, still, 
formulae for differentiating the exponential, and anti- trigonometric, 
functions. These we shall now deduce. 

Let V =: a" ; where a is any positive constant, and u is any 
function of x. Taking logarithms of both members, we get 
log^v = ?ilog^a. Taking differentials of this we get 

(1) d\og,v = \og,adu. 



VIII. 


d^yH = 




U, 


IX. 


d logaU 


= lOgaC ' 


du 
u 
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But, by X, dlog^v =^ -dv =. -^dd!'. 

Substituting in (1), and clearing of fractions, gives 

(2) da^ = a"log^adw. 
Again, let v =. sin'^i*; then sinv = m and dsmv ^ du. 
But dsinv = cos-ydi? 1= cos[8in~^w] dsin~^?f 1= Vl — u^d^wr^u, 
. • . Vl — u^dmi~^u =idu, whence, 

(3) d&iir~^u=z =. 

Vl — u^ 

In like manner the differentials of cos~^w, tan~^%, etc., may be 
deduced. These formulae are collected below. Formulae XXII to 
XXVIII may be worked as exercises by the student. 

— du 



XIX. da^= a^logeadu. XXIV. dctn-»M = 



XX. de"" = e'^du (if a = «). XXV. dsec-^u = 



1 + w* 
du 



u^u^- 1 



XXI. d8in-^^= /^^ • XXVR dcscr'u= ^^ 



^1 


w« 


d 


M 


■J\ 


W« 


du 





XXII. d cos- » u - —, • XXVII. d vers" * u = 



uVu^- 1 
du 



XXIII. d tan- ^ u = -— — s • XXVIII. d covers- * u 



— 1«. — 



^2u- u^ 
— du 



1 + «* ■ ^ 



u — u 



s 



The foregoing twenty-eight formulae will be found suflScient for 

obtaining the differentials of the most complicated of the ordinary 

functions. Each one may be transformed into the corresponding 

derivative formula, by dividing by dx. For example, from XXI 

dsin~^w \ du 7^ . 1 1 ^ 

we get — = — 7= ^3~» ^^"^ -^arSm ^ii=i — . i>x^« 



dx Vl— t^^dic' ' "^ Vl — 

If we put lA = cc in this, it becomes 

dsin~^a; 1 ^^ • i 

or X>^sin~-^a.' = 



u 



2 



dx Vl —x^ Vl— a;2 

So each of the others may be treated. 

It is worth while to note that the addition of any constant to a 
given function makes no change either in its derivative, or in its 
differential. For example, 

D^[&mx + ^] z= D^sinic + D^Kn^ D^sincc ; 
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since D^K=:0 when Ki= any constant. Also, 

d[sinaj-j- K'] = dsina-f- dK=z dsino;; 
since dK=zO when K=z any constant. So, in general, 

and d [/(«) + ^] = ti/(a;) + d^= d/(aj) ; since D^K and d^ 
both equal zero. 

Eocerciaes. 

1. d(—9mmx\=zco%mxdx, 6. c2 f -tanax ) = sec'axcZx. 

2. d( QOBmxj — smmxdx. 6. cJ ( ctnax^ = csc'asclx. 

8. <21og8iiia;= cotoccfoc. 7. (28iii-*- = 



4. c21og8ecx = tanz(2x. 8. cJ ( -tan-*- ) = -=— — . 

\a a/ a* + »' 

9. d ( - sec- * - I = — ,' • 

Va a/ j^y <j« _ a« 



e2x 



dx 



13. avers-*- = 



10. dlog(a; + ^^it* + a«) = 

11. £ilog(a;+'^a:«-a«)= , 

-v «• — a* 

12. d\ ;r-log = -= i- *«,. w,w- - ,^ — . 

L2a °a — xj a* — I* a V2a«— «» 

14. rf Ff ^a* - «• + ^* 8in-» -"1 zii'Ja^-x* dx, 
L2 2 aj 

16. <^^|^/x«:ha*±Ylog(flc + ^/«»:ha»)"]=^a!*±a'<^a;. 

^« -, ri 1 '•"1 d^ 

16. <2 - co8-> - = — . • 

La xj x^^x^ - a* 

(2x 



17. d n log (-- ^^^ — )i = -^ 

La "^Va + yaS-tx^/J x^ a 



xe2x 



18. d'^x^-a^= , 

19. ^^Ci-^Cx^dba*)'] = X V' J* :t «*<««. 



20. i^/i_ILi = ^ 



+ l)v'x2- 1 



§23] 



44 



21. d [8in->a; - -/l - a*] = -Ji±^<?x. 

22. d[«8in-'flf + 's/l-aB*] = 8in->a;dx. 



23 



. (^r-gO^^raf-i)! = «loga;d«. 28. cgtanQ "^ i/ ~ 1 - ri 



dz 

sins 



24. ^n«"'(*~^)"| = *«"<^*- 29. <£ctn*= ^* 



2 1 — cosof 



25. c2 logtan - = c^Qxdx, 
2 



30 



• <2 n ~ i sin X COS 2 I = Bm*xdx. 



26. <2 i log r— I = cscxdz, 31. d - + i sinxcosx = coB^xdi 

L 1 + cos X J L2 J 

32. dlogtan(- + 2) = secofdai. 



^-_, _ x dx 

27. dt&n-^ 



2 1 + cosx 



CHAPTEB X, 

ANTI-DIFFERENTIALS: ANTI-DIFFERENTIATION: THEOREMS. 

24. ANTI-DIFFSSXNTIALS. 

In Trigonometry we have become acquainted with the following 
symbols : 

(1) y = sinaj, and x=i sin~*y; 

(2) y = tanx, and x = tan"'*^ ; etc., etc. 

The forms sinx, tansc, etc., are called Trigonometric Functions ; 
and the forms sin-^y, tan~*y, etc., are called Anti-Trigonometric 
Functions, 

It should be noticed that the two equations y = sina;, and 
x=. sin'^y, mean precisely the same thing; and that the difference 
is, solely, in the symbolic way of expressing it ; the first form ex- 
pressing that y is the sine oj the angle x; the second, that x is the 
angle wJiose sine is y. Each form is useful, and necessary : the first, 
to designate the sine when the angle is the datum ; and the second, 
to denote the angle when the sine is given. 

So, in the Calculus, we have become acquainted with the following 
symbolic expressions : 

(4) d[logx + K^=^, 

(5) d[e*-f ^] =c*daj, 

(6) d [sina: + K'] = coBxdx, etc. 

These are called differentials. The function enclosed in the bracket 
is the datum ^ and the right hand member of the equation is the result. 
The symbol of differentiation, d, may be regarded either as asking 
the question : "What is the differential of the datum ? or, as an opera- 
tor^ expressing the operation of calculating the differential of the 
datum. 
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In many problems, particularly in applications of the Calculus, 
the differential of some unknown function will he the datum; and the 
function itself will he the result desired. In such case, when the dif- 
ferential of a function is the datum but the function is unknown, — 
when the function has to be found from its diflPerential, — we shall 
call the unknown function the anti-differential of the given differ- 
ential. For example, we get from equations (3) to (6), above, the 
following : 

(7) Anti-differential of aj" da? is — r— - + K. 

n -|- 1 

(8) " " — is logo; + if, 

X 

(9) " " ^dx is e^ + /r, 
(10) *' '* QO&xdx is sina5-j-^. 

The operation of calculating the anti-differential from a given dif- 
ferential, we shall call anti-differentiation. This operation is the 
inverse, or the opposite, of the direct operation of differentiation. 

The symhol used to indicate anti-differentiation is j . Call it 

^'long S." For example, in place of the words "anti-differential 

of," as in equations (7) to (10) above, we shall write i , as follows : 



(12) j*^ = logx+K, 



(13) lef'dx=^-\-K, 



I e'dx = e^ 



/ 



(14) I co&xdxz=z &mX"\- K, 



f 



The symbol i may be regarded either as asking a question^ or 

as an operator. The question may be stated in either of two equiva- 
lent ways: (a) What is the anti- differential of the datum? or (6) 
What is the function which has the datum for its differential? The 
right hand members of equation (11) to (14) are, respectively, the 
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answers to this question, when the given- diflferential is that written 
after I . As an operator^ I expresses the operation of calculating 

the anti-differential of the given differential. 

To sum up, we may say : The anti-differential of a given differen- 
tial^ is that f miction ivhose differential is given. 

Obviously, every differential formula, or result, will furnish a cor- 
relative anti-differential formula. 

It should be observed that differentiation furnishes a single, or 
unique, result; but that ant i -differentiation furnishes a result that 
may contain an arbitrary constant K : so that the result obtained by 
the latter operation is not unique. For example, we get, by differen- 
tiation, the single result d\_s[nx-\- K^ = coaxdx; but we get by 

anti-differentiation the result i coaxdx = sina; -|- K, where K may 

be any constant whatsoever. 

So, every anti-differential may consist of two parts, viz. : a func- 
tion of X, plus a constant. For if 

(15) d<l}(x) =:f(x)dx, then 
♦(16) J'f(x)dx=z<l>ix)+K; 



because d [«^ (x) + K^ = d^(x)+dK 

= d<l>{x) 
=f{x)dx, by (15). 

We shall find that it will not be difficult to determine K^ in prob- 
lems involving anti-differentiation. 

The geometric meaning of K may be seen by considering the simple case 
dy = mdx. This gives by anti-differentiation, y = mx -\- K; which, for dif- 
ferent values of iT, will be represented by different lines, all having the same 

dy 
slope m = -j^'y and all, therefore, parallel. 
ax 



* It is assumed, here, that, the differential being given, its anti'differential 
exists. As a general statement this requires proof : but the student will have no 
hesitation in accepting it for those cases in which he actually discovers the anti- 
differential, whose correctness he can verify by differentiation. He may reserve 
his doubts for those cases in which he cannot discover the anti-differential, after 
he has tried all the means and methods which are yet to be presented to him. 
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In like manner, tiie loci of y = ^ (x) and y = i>(x) -\- K, which haye equal 
differentials, may he called parallel carves ; for, at a given value x^ on any two 
curves of the series, say y = ^ (af) + -Ki and y = ^ (a), we get yi = ^ (»i) + K^ 



dy 
and y, = (x^ ; hence, y^ — y, = K^, Also, -— 

ax 



has the same value on 

both curves. From these two results it foUpws that : (a) all digtances, measured 
parallel to the y-aais, bettaeen points ha/oing the same abscissa, a>re eqtuil; and 
(b) the slopes of ihe cwrves at points having the same abscissa, are the sa/me* 



26. THE OPERATORS d AND /*, WHEN APPLIED SUCCESSIVELY, 

CANCEL EACH OTHER. 

For, by definition, if 

(1) dl<l>(x)-\-K^ =fi^) dx, then, 

(2) Cf{x)dx = 4,{x) + K. 

Now, operating with I on both members of ( 1 ) gives 

(3) Cd 14, {X) + ^] = Cf{x) dx. 
Comparing (2) and (3) shows that 



(4) Jdi4> {X) + IT] = ^ (a:) + K. 



Equation (4) shows that the operation d, upon ^ (a;) -f- K^ fol- 
lowed by the operation i , leaves 4> {x) + K unchanged. Again, 

operating with d, on both members of (2), gives 

(5) d Cf(x) dx = d{4> {x) + K'\ 

=zf(x)dXj from (1). 

Hence, the operation / upon f(x) da?, followed by the operation d. 



leaves f(x)dx unchanged. 

This holds good, of course, only for those cases in which the anti- 
diflferential is known to exist. 
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26. TWO GENERAL THEOREMS ON ANTI-DIFFERENTIALS. 

A. Any constant factor may he placed on either side of the symbol 

j without affecting the result ; thai is^ 

(1) I {av)dx=ia j vdx. 
Let dn = vdx; then, § 25, 

(2) u=z I vdx. 

Now, by IV, § 23, 

(3) adu = d(au) ; 

whence, by substituting in (3) the values of u and du^ we get 

(4) avdx = d\ a j vdx • 

Getting anti-differentials of both members of (4), and using § 25, 
we find 

(5) I (av)dx^ a j vdx. 

Q. E. D. 

B. The anti-differential of the sum of a set of differentials ^ is 
equal to the sum of the anti-differentials of the several terms ; that is, 

(6) fiua.^va.^=fua.^f.a.. 

Let d(7= wdjj, and dV^=ivdx; then U=- j udx^ and V=. j vdx. 

It has been shown (§ 23, I) that 

(7) dlUdzV^ = dU±:dV. 

Hence, we get, by substituting the vahies of U and F, 

(8) d\ judx:^ I vdx \ = udxzhvdx. 

Getting anti-differentials of both members of (8) we find, by § 25, 

(9) j udxzh lvdx=^ j [udxztiVdx^^ 
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which is the same as (6), above; and proves theorem (B) when the 
sum consists of two terms. 

In like manner the proof can be extended to any case in which the 
number of terms is finite ; but if the set of terms is an infinite series, 
theorem (B) is not always applicable. 

Eocercises. 

1. Find the following anti-differentials : 

a) \ dxj b) jadXi c) \2xdx^ 

d) \xdXj e) laxdxj f) ISa^dXj 

g) \(a+x)dx^ h) \{a — x)dx. 

2. Find the following anti-differentials : 

a) J — , 5) J e^dxj c) \ cosxdx, 

d) C — y=, e) J sec* re do;, /) j cosec'x^ia!, 

g) J sec a; tan a; (2 a;, K) J co^ecxcoXxdx^ 

dx C dx 



'-> fjTh' '> /r 



+ x 



2 



CHAPTER XL 

METHODS OF ANTI-DIFFERENTIATION: FORMULA. 

27. ANTI-DIFFERENTIATION: FUNDAMENTAL FORMS OF 

ANTI-DIFFERENTIALS. 

Differentiation of the ordinary functions, as we have seen, is 
always possible ; and, unless the function is extremely complicated, 
the operation is readily performed. 

But anti-differentiation is an operation which can not in every case 
be performed. Indeed, if a differential is given at random, it is 
quite as likely that its anti-differential cannot be found, as that it 
can. This is due to the fact that there are other functions than the 
ordinary functions ; and that the differentials of some of these other 
functions are ordinary functions. 

To effect anti-differentiation, the student should be perfectly famil- 
iar with the fundamental differential forms, as given in Chap. IX, so 
as to be (Me to recognize the anti-differential j if possible, by inspecting 
the given differential. For many important problems, whose solution 
depends upon anti-differentiation, it is quite possible, either to recog- 
nise the anti-differential by inspection, or, to transform the given 
differential so that its anti-differential may be recognized. The most 
common of these transformations are : ( 1 ) transferring a constant 

factor from one side to the other of the I ; (2) multiplying and 



dividing the given differential by some well chosen quantity ; (3) add- 
ing and subtracting the same quantity ; and (4) changing the variable 
by substituting another having a known connection with the first. 
When these simpler methods fail, others may enable us to find the 
desired anti-differential, or function. The latter methods will be the 
subjects of future sections. In this section we shall present the 
primary anti-differential formulae, as the basis of all work in anti- 
differentiation ; and show how they may be employed in treating 
various differential forms, which can, after slight transformations, 
be compared directly with some one of the primary forms, thus to 
suggest the desired anti-differential result. 
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The following may be termed the fundamental anti-differentials ; 
they may be verified by differentiating both members of each equa- 
tion ; or, they may be derived from the corresponding differentials 
given in Chap. IX : 

♦II. I — = logUj or J — = logflc; 

III. r^=2^, or r^ = 2^; 

IV. je'*du = e^j or Jca^da; = e*; 



a* 



V. \a^du=- , or \a?^dx=^ , 

J log a •/ loga 

VI. J Bmudu= ~ cosuj or J sinx^ix = — cosac; 

VII. J cosi^c^i^ = sinw, or J cosx<2x = sinx; 

VIII. J 8ec*M<iw = tani£, or J 8ec*x<ix = tanx; 

IX. J C08ec*i«dw = — cotit, or J co8ec*x<ix = — cotx; 

X. \ secutaxiudu = Becu, or J 8ecxtanxe2x = 8ecx; 

XI. 1 cosec w cot w <i M = — coseci«, or 1 co8ecxcotx<2x= — co8ecx; 

r du . iW r dx . i^ 

XII. I . = 8in— * -, or I . = sin— ^ - ; 

•^ \/ a« - ^2 a ^ Va^ — a^ a 

r du 1 ,u r dx l^.x 

XIII. I-— — ^^ = -tan-*-, or I -x— — -=:-tan-»-; 

r du , C dx . 

XIV. I — . = 8ec~ ' M, or I — . = 8ec~ ' x ; 

•^wvw*— 1 •'xVx* — 1 

C du r dx 

XV. I . ^= = ver8~ ' K, or I — > — .^ = ver8— *x: 

^'^2u-u^ •^V2x-x2 

__„_ r du \ . u — a .. ^ 

XVI. 1^ j = ;r— log — ■ — , if w>a; 

J vr — air 2a u -]- a 

♦ In this, as in all other formulaB involving logarithms, the base e = 2.71828 + 
is understood unless another base is stated. 
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XVII. f-y^ = log [w + V'w«±a«] ; 

XVm. CVa*-u*du = ^ ^a*-u* + ^ sin- » - ; 
•/ 2 2 a 

XIX. r>/w*±a«iitt = ^>/««±a« ± ^log [w + >/M«±a«] - 

The foregoing anti-differential formulae are not all fundamental, in 
the sense that no one of them is derivable from some other ; but they 
include the fundamental ones, as well as others which are of frequent 
occurrence. 

The forms containing u are more general, and often more useful, 
than the second forms containing x, which are the special cases of 
the first in which the function uz=ix. 

An arbitrary constant K is to be understood with ea/6h of the above 

forms. Thus, the complete form of / e'^du is e" -f- K, 



' In attempting to find an anti-differential, the student should first 
compare the given differential with the fundamental forms above ; if 
it is identical with some one of them, the result is evident ; but if it 
is not, then he must investigate whether he can find such a transfor- 
mation of the given differential as will make it identical either with 
some one of them, or with some other known form. 

Exercises. 

1. Verify forms XII, XIII, XVI, XVII, XVIII, and XIX, in the foregoing 
list, by differentiation. 

2. Prove the following by the use of the proper forms from those given 
above. 

J'aridx= - 2ar4; d) J — ^ = log (x + a) ; 

g") I tanx(2x = — logcosx = logsecx; 

K) I cotxe2x = logsinx; i) I -; = logtanx; 

i) I -. — = log tan - ; 
•'^ J sinx ^ 2' 
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t)/.^=/ ^f . ^logtanf^ + n; 
^ J COBX •>'8in(| + x) L4 2J 

(8in«ixda; = cosmx: m) I coswixrfx = — sinmx; 

n) J Bin (a + 6x) dx = — T cob (a + bx). 

Suggestion : -= i = -zr- I — ; 1 • 

a* — x' 2 a La + « a — x J 

. _ /• dx 2 ^ ,r 2ax+6 "I 

4. ProTe I . , . — — = i tan-' I , L 

when 5*<4ac. 
SuGOSSTiov: ax* + fta: + c=a (* + 5— ) H 7— i — 

5. ProTe f-— ,-, f — ;— = r-i» ^^^'^ 6*«=4»<:. 

^ax" + oxH-c 2ax+o 

^ «^ r <^» 1 - r2ax^h-^/W^^tac\ 
0. ProTe I —5-7—1 — r— = / lo JT I / . ■ « I, 

when 6*>4ac. 
Suookbtion: ax* + ix + 0=ar ( « + 5—} 7-1 — 1 

_ .^ /•(ax4-6)<ix a, _ , . _ 26 — a» /* 



(2x 



x* + i>x+ g 

a 1 

Suggestion : ax+6 = -(2x+l?) + 5(26 — ap). 



/dx 
-5— ; — , can be found by ex. 4, 6, or 6, 
X* + px + q 

according aB j?* < 4 gr, p« = 4 gr, or p* > 4 g. 

28. ANTI-DIFFERENTIATION "BY SUBSTITUTION" OF A NEW 

VARIABLE. 



a) Differentials involving Vo^--^ can sometimes be transformed, 
BO as to be easily handled, by substituting x = asin<^, or x z= acos<^. 

In the first case da;=: acos<^d<^, and Va* — a^ = acos<^: in the 

second, dxz=z — asin<^c2<^ and Va^ — a^=asin<^. 

h) Differentials involving Vo^-f-o* may sometimes be sim- 
plified by putting a;=:atan<^; for, then, dx=. a^Q^<f>d<^ and 

Va* -|- ^^ = asec<^. 
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c) Differentials involving Va* — a* may be simplified by putting 
x=z asec^; for, then, da;= asec^tan^d^ and Vaj* — a^=: atan^. 

d) The form V a^ + 6a? + c can be written : 

V[aj^ + 6x + c] = JV[(2x+6)«+(4c — 6>)] 

= iV[(2a; + 6)«— (6« — 4c)]. 

Now put 2 = 2a; + 6, and these become : 

V [«* + 6aj + c] = i V [«' + (4 c — 6«) ] 

= iV [«*-(&*- 4c)]. 

The first form would be used if 4 c ^ 6* ; the second, if 4c <^ b*. 
These may be treated as forms b) and c) above: the first, by 

putting z = V4c — 6* tan^; the second, by putting 

z = V 6* — 4c sec^. 

e) The foiin Vc + 6«— ^ can be written 

^ [c + &« — «■] = J V [(6« + 4c) — (2aj — 6)«]. 
Put z=l2x — 6; and this may be treated as a), above, by substi- 
tuting z = V6*+ 4c sin^. 

/) The forms V[<*^H" ^*H"<^] ^^^^^ VC^'H"^*^ — ^^] can be 
treated as d) and e), after the factor Va is taken from under the 
radical sign. 

Many important differentials can be so simplified, by one of the 
foregoing substitutions, that their anti-differentials may be readily 
found. 

29. ANTI-DIFFERENTIATION <<BY PARTS." 

It has been proved that 

(1) duv = %Ldv-{'Vdu. (§23,11.) 
Transposing this gives 

(2) udv ^=. dnv — vdu. Whence, 



(3) 



I udv =iuv — i vdu. 



Formula (3) is frequently useful in treating a differential which 
can be broken into two factors, u and dv, such that the anti-differ- 
ential of dv can be easily found. Some examples of the application 
of (3) follow. 
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Sxample 1. Find) tXv^xdx. 

Put u = sinx, and dv = Binxdx', then du = cosxdx and i; = — cosx. 
Hence, by (3), 

J 8in*x(2a; = — sinzcosz + 1 cob'x^^x. 

= — 8inxco8x+ J (1 ~ Bin^x^dx. 

= — sinxcosx + J dx —J sin'xdx. 
Transposing, etc., and dividing by 2, gives 

(4) J sin'x^^o; = J a; — 4 sin a; cos x. 

[Compare ex. 30, § 23.] 

Exoumple 2, Find J tf^'smxdx. 

Put w = sin X, and d t; = «««cix ; then du:= cos xe2x and t> = - «**. Then, by (3) , 

a 

(6) I e"*sinxdx = -e"*sinx |«"*cosxdx. 

In J «**cosxdx, put u = cosx and dt? = e«*<ix; we get di« = — sinxe^x, and 

«=-«**: 80 that 
a 

/«*«co8xrfx = -'e"*cosx + - J ^*8inxdx. 
a aJ 

Restoring this value in (5) gives 

/e^'Bmxdx = -c«*8inx z e«*cosx = I c«'sinxc^x. 
a a' a'^ 

Transposing, etc., we get 

/o\ r_«» • e«*(asinx — cosx) 

FeW/y thds resiUt hy differenUation, 
80. ANTI-DIFFERENTIATION OF CERTAIN TRIGONOMETRIC FORMS. 

Find I sin"' a; COB" a; da;. 



^nd I sii 



Put u = cob" ^x^ and dv := sin"* a; cos a; dx i= sin"* a; d( sin a;) ; then 



sin"*"^ X 
du=z — (n — 1) cos"~2a^sina;da;, and v = — • Substituting 

in (3) of § 29 gives 

,^. f* . , sin"*"^^a;cos"~^a; 

(1) I sm"'a;cos"a;aa;^ r— 

J . m+1 

ij 1 /* 

H r-T I sin"* + 2a;cos**~^a;da;. 
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But, sin^'+^a; = sin**ajsm*aj =: sin"'aj(l — cos*aj) 

= sin"* 05 — sin^ojcoB'aj. 
Substituting this in (1) gives 



/■■ 



(2) I Bin'"a;cos''a5da: = 



sin** +^3: cos*" ^a? 



m+1 

+ — j— - / sin"* oj cos*" 'a? da: p— / sin^ajcos^ajda?, 

m-+- IJ m-|- 1 J 

Transposing, etc., gives 



/ sin"* 



(3) I sin"* a? cos* ad 3? = 



sin"* + ^ 05 cos* ~^ a; 



711 -j- n 

H ; — / 8in"'«cos*~*a?da?. 

' m + nj 



If we had begun by putting u = sin"*~^aj and dv =z cos* a; sin a; da;, 
we should, in a similar way, have obtained 



(4) Tsin"* 



a;cos*ajdx = — 



8in**~*xcos*"'"^x 



4- ^^^— ; — / sin"*~'aJcos*a?da5, 



m 

m + 

Formula (1) is valid for all values of m and n except m = — 1 ; 
(3) and (4) are valid for all values of m and n except when 
m + n = 0. 

In ( 1 ) , if we put m = — n, we get 

/ctn*~*a; /* 
ctn*ajdx = I ctn*~*a;daj. 

Put n=i — min (1) and we get 

r , tan"*+ia: A ^« . 

(6) / tan"*a;da; = ;— / tan"*+*a;da;. 

J ^+1 J 

Transposing (6) gives 

r ^« ^ tan^' + ia; r 

(7) I tan^+^adajzz: r-— i tan"*a;da:. 

J ^+1 • J 

In (7), change m+ 2 to n, in order to get a more convenient 
form, and we have 



(8) 



/tan'-^x /• 
tan^ajda; := I tan"~*xdit\ 
71—1 J 



Formulae (5) and (8) will enable us to find the anti-differential of 
any power of ctnx, or tana;, whose exponent is a positive integer. 
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In (3), put m = 0, and we get 

(9) I eo8*a;da; = -sina?cos*~^a;H / coB^'^adaj. 

J ^ ^ •/ . 

In (4), put n = 0, and we get 

(10) I sin^'ajcZa; = sin*" ~^ a; cos a; H I 8in"*~*a:da;, 

J w w J 

Formulae (9) and (10) will furnish the anti-differential of any 

positive integral power of the cosine and sine. If a negative 

integral power of the cosine or sine is given, it may be handled by 

one of the following, which are obtained from (9) and (10) by 

transposing, etc. : 

/ttx r n-a ^ 8inajcos*-*a; , n C n ^ 

(11) I cos* ^xax=:, fco8*a:aa;; 

J n—\ n—lj 

/* sin**'""^iccosii5 wi /* 
Qijar-*xdx = 1 / sin*a:da5. 
m — 1 m — 1 J 

Exercises. 

- /• <ix , X .a — X 
1, I y = Terar-' - = co8~' • 

•'V2afl; — a^ « « 

J \ a — X J -s/^t _ jgt a 

/dx 1, X 

— — - log , • 

4. J^^gTl ^^^ p' + De^x ^ ^^^^^, X ^ 

6. J co8*x(2x = j|x + isinxcosx. 

6. J X8inx(2x = sinx — xcosx. 

7. J xcosxdx = cosx + xsinx. 

8. J x'sinxdx = 2x8inx + (2 — x*)co8x, 

9. J sin— *xdx = xsin— *x + -n/i — x*. 
10. J COS— *xc2x = xcos— *x — ^/l — X*. 



8 
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1. J tan-*j£la; = a;tan-*x— Jlog(l + X*). 

2. J ctn— *a;da; = xctn— *« + 41og(l + «•). 



— xV a* — X* . a* 



4- -s- «in- * - 
2 a 



J. r ^dx «v^a*+ir* a*. , , / . , . . 



5. I 8in'x<2a; = ■=-- (sin'x + 2) 



6. J cob' jdac = —=r- (cos*« + 2) 



7. I 8iii*a5€i« = J— (Bin'x + Isinrc) + ~ 



8. J tan'x(2a; = ltan*x + logcoBo;. 

9. J tan*xda; = J-tMi'js — tan«+ a. 

20. jBiu^xcoB^xdx = ^^^ (cos* a; + f ) • 

21. rx»e"*dx = -«'»«"« — - ra;«-V»daj 
J a aJ 

22. le<»*co8«tfx = ^^ — =— -' 

J a* + 1 
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CHAPTER XII. 

AREAS BY SUMMATION. 

31. AKSAS: SDHHATIONS. 

Let the curve AB, in fig. 19, be the locus of the function y =/(x) ; 
which \a finite, positive, continuous, single-valued, and increasing, 
as X increases from OMg^x^ to OJlf, = a,. It ia required to 
define, and calculate, the area included by the curve, the avaxia, and 
the ordinates M^^, M^P^ : or, briefly, tlie area under the carve /■(,/*,. 



Fig. 13. 

Divide the base M^M, into n equal parts, n being a. positive in- 
teger. On these parts as bases, construct the two series of rectangles, 
the one inscribed in, and the other overlapping, the figure M^M^P^P^ ; 
as shown. Represent by V the sum of the overlapping rectangles, 
and by U the sum of the inscribed rectangles. The difference 
V — If is, obviously, equal to the sum of the small rectangles 
Qi-Boi Qs-fin ... - Q,-S„-i; and this sum is equal to the single 
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rectangle TiB^i; since all the bases PoQn AQai .... Pn-iQn 
are equal, by construction. But, area 

Hence, since SiT^ = — -. we get 

n 



(1) r-U=lMJ', — MJ>o-] 



n 



This equation holds good for any integral value of n whatever. 
Let n be indefinitely increased. For simplicity, suppose n to take, in 
succession, the set of values n^ z= A:n, where A:=l,2,3,4, . . . .*oo. 
Then, obviously, both Fand CT'are variables; and V= the sum of 
the overlapping rectangles, is a decreasing variable and is always 
greater than any value of U; while U=^ sum of the inscribed rec- 
tangles, is an increasing variable and is always less than any value 
of V. 

It follows from (1) that 

But M^P^ — MqPo is a constant, and ^™ f ^n — ^ "1 _ q . y^^^^q 

n = 00 [_ n _j 

It follows from (3) that, as n is increased indefinitely, the limits 
of U and V are identical. This limit is the area under the curve 
PqP^. Denote it by G; then 

Let U8 nowjind an algebraic eocpression for G, 
By construction (see fig, 13) 



MqMi = M1M2 = MzM^ =....= M^_iM^ 



n 



* The symbol oo means : the specified variable can take, or is asswmed to take, 
values greater, nv/merically, than any chosen fixed qv>antity, A, which may he 
chosen as great cls we please. The symbol oo , therefore, does not represent a 
fixed quantity : it is the symbol of an endlessly increasing va/riable. Such sym- 
bolic equations as z = oo (see ex. 11, p. 15), n = oo , etc., mean, merely, that 
z, or n, etc., is iTicreased without limit; or, as it is expressed, '■^indefinitely 
increased,*^ 



§31] 62 

These are the equal increments of a;, as x increases from OMq = Xq 
to OM^=zx^; hence, (§ 22) we may represent their common value 
by dx. 

The abscissae of the points Pq, Pi, Pgi • . . • , P»-n are Xoi ^i» 
^81 • • • • aJn-ii ^sp^ct^'^^ly; and their ordinates are /(j5o), /(aJi), 
/(ajj), .... /(a;„_i). Now, daj is the common base of the n 
rectangles composing U; and the ordinates of Pq^ Pi, etc., are their 
altitudes : so that we get 

(5) U=:f(xQ)dx-\'f(xi)dx-{'f(X2)dx+ .... 

. • • • +f(^n--i)dx. 

There are ?i terms in the right member of equation (5) : and if 

n is indefinitely increased, the factor, /(a:), in each term remains 

finite, since it is the ordinate of some point between Pq and P„ on 

X '— X 

the curve in fig. 13 ; but the factor dx = — is an infinitesimal. 

n 

It follows, therefore, that, as n is indefinitely increased, (a) each 

term f{x)dx is an infinitesimal; and^ (b) the number of terms in- 

creases indefinitely. 

A convenient symbol to represent equation (5) is 

x = Xn — l 

(6) U= S f(x)dx, 

x = x^ 
which means : the sum of the n products obtained by giving a:, in f(x) , 
the n values from ajQ to a;„_i, having the common difference dx\ and 
then multiplying each remdt by dx. 

But we have defined the area under P^P^ as 

G^^lim [J7]; 
and, since lim [a;„_i] =: OM^:=z a;^, we get from (6) 

71 = 00 

(7) G=i ^^^ S f(x)dx, 

^ ^ W=00 •'V/ 

Each of the terms f(x)dx being a positive quantity (since f(x) 
and dx are both positive) the sum C7, and the limit G^ must be posi- 
tive, under the conditions stated at the beginning of this section. 

We will show (see § 32) that formula (7) is a perfectly general 
one, for the area included by the continuous curve y =/(a;), the 
a;-axis, and the ordinates /(a^o) and f(x^) : and we shall develop a 
general method, later, by which the limit expressed in (7) can be 
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computed. A few simple cases may be treated by rather cumbrous 
algebraic methods. 

I. For example, if the straight line, y = m x, is given [let the student construct 
a suitable figure] , we get 

S mxdx = mXodx + m(x^-\- dx)dx-\- m(x^+ 2dx)dx+ . . . 
lo .... + mlxQ+ (n — l)dx']dx 

= mXondx+mll + 2 + S-\- .... + (w - 1)] (da:)* 

♦ = mx,ndx 4- m |^ ^(^ " ^) J (rf^)* 

= mx^ndx + — l(ndxy — (ndx) dx] 

But, since — — — = dx, we get ndx= «„ — a;„; whence 
n 

2 mxdx=mXo(x^-Xo)+ ^ [(«« - aio)* - (a^« - «o)<*«] 
= (3f» - ato) ^=="2 =5 _ _ (a;^ _ x„) d a; 

Since dx = as n is indefinitely increased, we get 

which is the area of the trapezoid under the line, y = mx, from P^, to P^, whose 
hase is M^M^ = M^— 0M^= x^— x^j and whose parallel sides are y, = mx^ 
and y„ = mx„. 

II. Another example which may be worked out algebraically is : to find the 
area under'the parabola, y = ic* -f c, from Pq to P„. (See fig. 14.) 

In this case we get 

Xn — l 

S (x* + c)dx= (V + c)dx-\- [(Xo + dx)*4- c']dx+ [(x^ + 2dx)*+ c]dx 
*o + . . . . -f [(xo + { 'I - 1 } <^a;)* + c] dx 

= (V + 0^^a;+ 2Xo[l + 2 + 3+ .... H-(w- l)](dx)* 

+ [1« + 2« 4- 3« + . . . . + (n - 1)«] (dx)» 

t = I x^* + c + Xq [ndx — dx] + J(ndx)* — i(ndx)dx 4- i(dx;* } ndx 
since ndx = x„ — x^. From this we get, since lim [dx] = 0, 

« =00 

*;i + 2 + 3 + 4+.... +(n-l)= C^-^)^ . 



t 1* + 2« + 32 4- 4« + . . . . 4- (?i - 1)* = 



2 

n(n- l)(2n- 1) 



I 31] 



= [i W + a.*b + V) + f] C*. - »„) 
= i(^'- V) + «(^-^)■ 



F.^•^'f• 



1. GJven tbe formalK 






show that the area under the cnrve, 3/ ^ «", from i„ = a to i, = i, is «5 ~ '"■ 

S. Given the formala 
Biii<»+Bin(a + *) + 8in(o + 3*) + . . . . 
..... ..C.+ (.-.)*] = [co.(.-|)-co.(.+ .,-|)]4^ 

show that the area tinder the curve, y = aim, from i^ = to i„ = ^, is 1. 



(i5 
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32. AREAS WHEN y-f{x) IS DECREASING: AND OTHER 

IMPORTANT CASES. 

Let the curve (see fig. 15) descend from Pq to P„. It is obvious, 
that the base M^M^ can be divided into equal parts ; that, on these 
parts as bases, can be constructed two series of rectangles, the one 
inscribed in, and the other overlapping, the area G, under Pf^P^\ 
and that, in short, the definition and formulae of § 31 will apply 
equally well to the decreasing^ positive, function represented by the 
curve from P© to P„. In this case the area O must be positive,, 
since both f{x) and dx are positive as x increases from OMq = x^ 
to 0M„ ^ X,, 







-^T 



Fig AS. 

In like manner it may be seen that, if the area Q^ = -^oQoQm-^i. 
lies helow the x-axis^ we shall get, as in § 31, 

0'= ^^^ y^ f(x)dx; 
»* = « «' 

where x'q =: ONq and x\ =i ON^^ and y z=zf{x) is the equation of 
the curve QoQ»- 

In this case da; is positive, because x is increasing from tc'o to «'„; 
but/(a;) is negative, because the curve QoQn ^^^^ below the a;-axis. 
Hence, each term f{x)dx is negative, and 6?' is negative^ when the 
area is below the x-aods. 

It follows, then, from the foregoing, and § 31, that the formula 

G = J^^ S f(x)dx 
n — 00 
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«6 



gives a positive or a negative result^ when Xq<^x^^ according as the 
area is above or below the x-axis. 

Moreover, it may be seen that, if Xq ^ a;„, so that x is decreasing 
and da; is negative, then the above rule for the algebraic sign of G 
is reversed. 

It may be seen, also, that the above results hold good when either 
Xq or a;„ is negative; or when both of them are negative. (See 
fig. 16.) 




Hence, it follows that formula (7) of §31 is a perfectly general 
one, for the area between a continuous cui*ve and the a;-axis, from 
«o to x„. 

A general method of finding G, based on anti-differentiation, will 
be developed in the next Chapter. 



Exercises, 

1. Find the area under y = sinx from a;„ = ^ to a;,j = ir ; also, from x^ = ir to 
a^» = V' (Seeex. 2, §31.) 

2. Find the area under y = sin a; from a:„ = — ^ to a;„ = ; also, from Xj, = — ^ 

to a^n = f • 

8. Find the area between the line, y = 2a;, and the x-axis, from ir^ = — 8 to 
x^ = — 2 ; also, from Xj, = 2 to z^ = 8 ; also, from ajp = 8 to a;„ = 2 ; also, from 
Xfl = — 3 to a:„ = 3. 

4. Find the area between the parabola, y = z* — 9, and the z-axis. 

Ans. — 36. 

6. Find the area of the segment cut off the parabola, y = a;' — 9, by the 
chord, y = 3 a; — 9. 



CHAPTER XIII. 

DIFFERENTIAL OF AREA: A GENERAL METHOD OF 

SUMMATION : INTEGRATION. 

33. THE DIFFERENTIAL OF THE AREA UNDER A FIXED CURVE. 

Let the curve ^-B, in fig. 17, be the locus of the function y=f(x)^ 
which is finite, continuous, and single- valued, for all the values of x 
considered in the following discussion. Let OMq = Xq, and OM=z a?, 
be the abscissae of the points Fo&nd P, Then, by equation (7), 
§ 31, the area under P^P is 



(a) 



Q= '1™ lf{x)dx, 



»= 00 



where ndx=ix — apQ, and x > x^. 




»• 



% 



y,y//'./ 



''■mUy''^ :■■:::'■■. . 



'tt^.4^ 



111 ^.afaia^a*— i^ 



^£ 



M^Jt 



Fig.il 



The following deductions are obvious : (a) OM^^ and the curve 
AB^ both being fixed^ G will vary with OMy and will be fixed if 
OJyTis fixed ; hence G must he some function of the terminal abscissa 
OM: (b) similarly, G must be some function of the initial abscissa 
OMq : and (c) if OMq and OM are both fixed, G may have different 
values for different functions, — that is, for different forms of the 
function f{x) ; since this will cause the curve PqP to change posi- 
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tion, — hence O is closely dependent on the form of /(a?) . This 
dependence is stated in the following : 

Theorem. The differential of the area^ G, under the curve y •=z /(ar), 
measured from thejixed ordinate MqPq^ to the variable ordinate MP^ 
isf(x)dx. 

Proof. Let OMq, and the locus AB (fig. 17), of y=f{x)^ be 
fixed. Give to x the increment MN=i ^xi then x will take the 
new value, x^=. 0M-\- MN; and O will take the new value, 
MoMPPo+MNQF. The increment of Q is MNQP, and we 
may call it A 6?, or 

(1) AG = MNQP. 

Let PB and aS' Q be drawn parallel to OX : then, MP=f{x) = NR ; 
and NQ = NB + BQ=f(x) +Af(x). 

Now, area MNBP= MP X MN; and area MNQ8=NQ X MN; 
hence, 

(2) MNBP = f{x)Ax, and 

(3) MNQ8= [/(a;) + A/(a)]Aaj. 
It is obviously true that, 

*(4) area MNBP<i area MNQP<:i area MNQS. 
.-. (5) /(aj)Aaj<AG^<[/(aj) + A/(aj)]Aa. 

.-. (6) /(a^X If </(«)+ A/(a:). 

But ™ [A/(a;)] == 0, since f(x) is continuous by hypothesis. 
(See § 14.) It follows, therefore, from (6) that 

(7) /(.) = J-„[A|] = i),«=||. [§§9,22,e,.(6).] 

We get, then, from (7) 

(8) dO=f{x)dxz=ydXy q, e, d. 

It has been noted already that the area^ G, from the fixed ordi- 
nate MqPq, must be some function of the terminal abscissa 0M=. x. 
The demonstration given above shows that this unknown function of 
Xy is the anti-differential of f{x)dx^ where y=if(x) is the equation 
of the given curve. 

* If/(») is decreasing, the inequalities, (4), (5), and (6), are reversed. 
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We get, therefore, from equation (8) 

(9) G = Jf(x)dx=<l,(x) + K, [by (16), §24]. 
Substituting in (a), above, we get 
(10) G = J^^ ^f{x)dx= Cf{x)dx^4>{x)+K, 

Equation (10) suggests a more convenient symbol than 

^^"^ S/(aj)dx, 

to represent this infinite summation [see equation (6), § 31]. The 

new symbol is j ; which is a modification of the symbol of anti- 

differentiation; by aflSxing, as shown, the initial and terminal ab- 
scissae of the ai*ea to be computed. Let us call this new symbol, 



/ 



, the sign of integration. It is, a^ explained in § 31 and above. 



«0 

a symbol of summation ; or, in fact, a symbol expressing the limit 
of an infinite summation. 

Moreover, this summation, or integration, of the differential terms 
f(x)dx^ is performed for values of x extending consecutively, or 
continuously, from a;© = OMq to x= OM, These values of x are 
called the limits of integration ; the one placed beneath the symbol 

/ being called the * the lower limit of x ; and the one at the top 

being called the * upper limit of x. The variable x is supposed, 
always^ to change value from the lower limit to the upper ; hence, 
x is increasing^ and dx is positive^ when the upper limit is greater than 
the lower ; and, x is decreasing ^ and dx is negative^ when the upper 
limit is less than the lower. 

The symbol / will still be used to express the operation of anti- 
differentiation, as explained in § 24. 

* The phrases •• lower limit of «," and ** upper limit of »," are equivalent to 
** initial value of x" and '* terminal value of x," respectively. 
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We shall, therefore, express the' area G =. MqMPPq (see fig. 17) : 



X 



X 



(11) G=z Cf{x)dx= rydx=<l>(x) + K. 



Xo 



The arbitrary constant K is easily determined ; for, if x:=. Xq^ 
MP will coincide with MqPq and the area is zero. Substituting in 
(11) we get 



(12) =z Cfix) dx=i4> (ajo) + K; 



whence, K^ — 4*{^q) \ *^^ (H) becomes 



(13) 



G= I f{x)dx = <l>(x) —<I>(Xq). 

If we take a fixed value x^ for the upper limit of integration, then 
the ordinate MP (fig. 17) is fixed, and the area G is fixed. In 
this case (13) becomes 



(14) G = Jf{x)dx=4^{x,)—4>{x^). 



«o 



A compact notation for the difference in the right member of 
(14) is 



(15) ^{x,)—4>{x,)=4,{x) 



X. 



n 



x^ 



The symbol <^ (a?) 



expresses : — Substitute for x in ^ (x)^Jir8t^ 

Xr, 



the value aj„, then^ the value Xq ; and, filially, subtraxit the secoiid 
result from the first. 

We get, now, the final symbolic representation of the area between 
the curve y = f(x) and the aj-axis from Xq to a;„, 



X, 



X. 



(16) 



G=: I ydx ^ I f{x) dx= <l> (x) 

Xo Xq 



«n 



= <l> (X^) — <l> (Xo) , 



in which <^ (a?) = i f(x) dx. 
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The student will not realize, speedily, the wonderful range and 
power of the instrument he has fashioned in formula (16). He 
should carefully review all the work leading up to it, in this and in 
preceding chapters ; and satisfy himself, step by step, of the sound- 
ness of the argument upon which it rests. The applications of the 
formula are multitudinous ; being in no wise limited to the mere 
problem of calculating areas. We have, in truth, merely utilized 
the area under a curve, as a means of making as clear and concrete 
as possible, the deduction of this very important general formula. 
Its superiority over any method of calculation hitherto known to the 
student, even for iinding areas, may quickly be discovered by calcu- 
lating, now, by formula (16), the areas given in the exercises at the 
end of §§ 31 and 32. 

For example, the area under the straight line y = mxy from x^ to x^ is 



= fm 



G= imxdx = 



mx* 



^0 



^n 






^0 



Again, the area under the parabola y = x* + c, from Xq to z„, is 



O = fcx* + c)dx = (^ + ex^ 



^0 



Xfi 



= 3(%*-V)+<a;„-Zo), 



^0 



Exercise. 
1. Solve again, using formula (16), the exercises at the end of §§ 31 and 32. 

34. REMARKS ON INTEGRATION. 

The process of summation expressed in fonnula (16), § 33, we 
shall call integration. It is an operation which furnishes as result, 
the limit of the sum of the infinite number of differential (or infini- 
tesimal) terms, f(x)dx^ which may be formed between the initial 
value Xq and the terminal value aj„, as explained in (5), (6), (7), § 31. 

The result, G^, in eq. (16), § 33, is called the integral of f(x)dx 
from Xq to x^ ; which means, the limit of the sum of the infinitesimal 
terms f(x)dx from Xq to x^. 

This .expression is known, also, as the integral of f(x)dx between 
the limits Xq and a,,. 

What we have defined, in § 24, as the anti-differential of f(x)dx^ 
is what is commonly called the indefinite integral of f(x)dx; and, a 
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table of anti-differentials is usually called a table of integrals, [See 
B. O. Peirce*s Shoii; Table of Integrals^ published by Gina & Co.] 

According to common practice, the operation symbolize by / 

(which we have called integration) is called definite integration; and 
the result is called a definite integral. 

There would be a distinct gain in simplicity if the term indefinite 
integral were no longer used ; and anti-differenticd were used instead. 
The objectionable words "indefinite" and ''definite," before inte- 
gral, could then be dropped altogether ; and the true nature of the 
"indefinite integral" would be suggested by the name "anti-differ- 
ential." Then, the word " integral," without the confusing adjective 
" definite," could be used to stand for (r, as symbolized in formula 
(16) § 33. "To integrate" should mean, only: — Perform the 
operations of formula (16), §33; and not, also: — Find the anti- 
differential of^ etc. The main diflSculty appears to be in the imprac- 
ticable ( ?) words anti'differentiate^ and anti'differentialion^ which 
would replace the words integrate^ and integration^ when the latter 
are applied to the process of finding indefinite integrals. 

For the present, however, custom compels us to understand the 
equivalent phrases : — " Find the integral of the given differential^ 
and ^'^ Integrate the given differential " as expressing: — ^^ Find the 
anti-differential of the given differential^^* in addition to the meaning 

.e l,a.e statea f.r tke.se pKrases in § 33; since the symbol,/, is 

described, generally, as " ^^e sign of iyitegration'' ; this phrase not 

being restricted, as we would wish it, to describe the symbol / . 






Xc, 
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Eocercises, 

Find the values of the following integrals : 

3 a 

8. I tanojdi = -log2; 4. j tan-'j<£a;= - — -log2; 



4 

Jxdx^ __ 3V2 [SuooBSTiON : Put 2 + 4 x = z«] ; 

^ v^2 + 4z 2 



« 



6. I c«'dx = ; 7. I x*loga;da; = '— ; 



T ir 

•2 /•2 

8. 



//•2 /•2 2'4-6 2n 



•K IT 

• 2 /»2 



10. j (l-x*)** *<^x= |sin*«xdx= I cos«"xdx=— ;- > ^-; 







>2 



11. r_ ^^ = j!L. 

J a* sin* X + 6* cos' x 2 a 6 ' 



1 IT 

1Q C ^^ _*. iq/^ xsinxcix _ IT* 

J 1 + 2xco8A:+x« ~ 28inJfc' J 1 + cos«x ~ T 







CHAPTER XIV. 

AREAS BY INTEGRATION: THEOREMS ON INTEGRALS: 
CERTAIN SPECIAL CASES OF AREAS. 

36. APPLICATIONS TO AREAS. 

We have now developed a method of obtaining the area of a curve, 
when its equation is given in rectangular coordinates, by a process 
of integration, or summation. The datum required is the differential 
of the area, — called the differential element. To completely solve 
the problem wfi should : 

a) know the position with respect to the axes, and the shape, ap- 
proximately at least, of the locus of yz=zf(x) \_f(x)dx being 
the given differential element] ; 

li) know, also, the initial and final values of the variable, which are 
the limits of integration ; and 

c) find the anti-differential (or "indefinite integral") of the given 
differential. 

The remainder of the work, ordinarily, consists of simple substitu- 
tions and reductions. 

Of course, the student must examine whether the function (or 
curve) , y =: f{x) , satisfies all the initial conditions of being finite, 
continuous, and single- valued (§ 33, at beginning) ; not only for all 
values of x between the limits of integration, but also at the limits 
themselves. He must discover, also, whether the curve, y=:f(x), 
crosses the a;- axis between the limits of integration ; so as to deter- 
mine whether the area sought lies wholly on one side of the a;-axis, 
or not (§ 32). 

It has been implied, further, that the limits of integration are both 
finite ; also, that all the quantities involved should be real, and not 
imaginary. 

Certain important exceptions to some of the foregoing restrictions 
will be considered later. (See §§ 38, 39.) 
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The student will find, in § 40, certain eases of integrals treated, 
whose anti-differentials have more than one value for a given value 
of X. For example, 

1 1 



- — j — rz=tan ^x\ , and I — , =r sin ^- 

^ + ^ I , J ^c^ — x" ^ 



a 



Exercises, 

1. Find the area of an arch (a) of the curve, y = sina;; (li) of the curve, 
y = cos jr. 

2. Find the area under the following curves between the limits given : 

(a) y = 3i*, from a: = 1 to x = 3 ; 

(6) y = -, »* x= e " x= «*; 

X 

(c) y = x'», " x = 0*»x=l; 
(<i) xy* = 1, *' x= 1 ** x= 4; 
(c) y = e*, *» X = *' X = 2. 

3. Find the area above the x-axis, of the curve, y = 6x — x* — 5; also, find 
the area of the segment cut off this curve by the line y*= 2x — 2. 

4. Find the area cut off the parabola, y' = 4;7X, by the chord x = a. 

5. Find the areas of the circles (a) x* + y* = a* ; (6) x* 4- y* = 2ox. 

6. Find the area of the segment of the ellipse, 9y' + 4x' = 36, included be- 
tween the parallel lines, x = 1 and x = 2. Ans. 3.4346. 

7. Find the area of the ellipse, 6*x* -f a*y* = a* 6*. 

8. Show that the area under the hyperbola, xy = 1, from x = 1 to x = Xj, is 
logx,. 

9. Find the area of the segment cut off the hyperbola, i*x* — o?y^ — a^h^^ by 
the line, x= a ^^i. 



X Xy 



10. Find the area under the catenary, y = -(e^ -\- e «), fromx = tox = 2a. 

1 1. Find the area of one arch of the cycloid, x = a (^ — sin ^) , y = a ( 1 — cos 6) . 

Ans. Sir a*. 
Suggestion: Express ydx in terms of B, and find the iiiitial 

and final values of for limits of integration. 

12. Find the area of the hypocycloid, x* + y* = a*. 

18. The equation of the Lemniscate is (x* + y*)' — a^x^\ find its total area. 

Ans, 



ira^ 



Suggestion 



2 _ a* / o>\* 
: ax — X IX 1 • 

4 V 2/ 
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14. Shoir that the ue& included between two curvea, y =/(z) and y = 0(s), 
from i„ to a., U (? ^ J[/(j) - * W]di, whea/(,)>«(,). 

IB. Find the area of the circle, (i - o)' 4- (y - J)' = »*. 

16. Find the area Gut off the catenary, y — i (e" + e-"), 

bjtheline, y = iCe + e-i). [Take e = 2.72.] Am. 0.7*. 

17. If oblique coordinate azeB, whose included angle 'n u, are need, ehovthM 

the forronla for area under a given curve, y =f{%), \% = svau iydx. 

36. AKEA BBTWEBH A GIVEN CDSrX AND THE y-AXIS. 
Let the curve AB, in fig. 18, be the locus of the equation, 
<^(x,y) r^ : and let it be required to find the area N„N,P^P^, 
between the curve and the y-axis, from y^ = ON^ ta y„^ ON,. 



-►JT 



Fif.ii. 



In this ease, we should regard y as independent variable (S 2), 
and, if possible, solve ^(a;, y)^Otorx; so as to get it into the form, 

(1) x=f(y). 
Now, divide -WIhSJ, ^y„ — Jo into n equal parts, of whioh 
2fB = y^^^l^ = dy" 



* The student Bhonld note that dy = Ay, when y U Independent variable 
($ 22). In anch ca»esii the funcdon, and dx^ix. 
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is one ; and constract upon them, as bases, the series of n inscribed 
rectangles, of which NRSF= NP X NR = f{y) dy is one. Then, 
as in § 31, we get 

(2) area NoN,P,Po = J^^ ^if{y)dy^ 

and (§33) the value of this limit is I f{y) dy : whence we get 

(3) area N.N^P^P^ = Jf{y) dy = Jxdy. 

Exercises, 

1. Und the area between the parabola, y* = 4p ob, the y-axis, and the line, y = c. 

2. Find the areas of the circle, x* + y' = a* ; and of the ellipse, 
ft»af* 4- o*y* = a* 6*, by using (3). 

3. Find the area between the hyperbola, xy = e, the y-azis, and the lines, 
y^ = a, and y„ = b. 

4. Find the area included by the parabola, x^ + y' = a', and the coordinate 
axes. 

6. Find the area between the semi-cubical parabola, ay* = s^^ the y-axis, and 
the line, y = 6. 

6. Find the area between the y-axis, and that arc of the involute of the circle 



which is traced while varies from to -. The equation of the involute is 



r X = a (cos0 + 0sin0) ") ^ 
\y = a(sin0 — 0CO8 0) i 

^»'- -r Li2 + M 



.S r-S 



Suggestion : Express xdy in terms of ip. 

37. TWO IMPORTANT GENERAL THEOREMS ON INTEGRALS. 

A. If the limits of integration^ Xq aiid x^^ are interchanged the 
sign^ alone, of tJie integral is changed. 
Let the given integral be 



lf{x)dx=i 



(1) Jf{x)dx=<l>{x) 



«n 



= * (a^n) — * K) • 



^0 
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I ntei'cb aiding the Itmite gives 



(3) j'f{x)dx=~p(x)dx. 



(2) Jf^x)dx = ,^{x)\ =^(x,)-<t,(_x,). 
But, ^(x,) — i^{x^)=i — [^(i'^o) — ^(^n)]; whence, the theorem, 



Exei-eiae, 

Find the area of Ihe arch, OAB (flg. 2), of the curve, y = x'-S(^ + 9x; 
and compare the results obtained by integnitmg, flrst, from O to B, theu, from 



B. Any given integral can be hroken up into as many parts as we 
please, by breaking up the interval x^ to x^ into consecutive parts; that 
is, if (fig. 19) M^M,, = M,Mj + M^M^ + M^M^, then 

(1) Jf{x)dx= Cfix)dx + j'f(x)dx+ Jf{x)dx. 



Proof: — If y^=f(x) is the equation of AB; then equation (1) 
is equivalent to M^M,P,P^= M,^f,PiP^+ MiMjP3P^ + M^MJ'^P,, 
which is obviously true ; hence equation (1), or the theorem, is true. 

Theorem B enables ub to calculate areas which must be broken up 
into parts. This is necessary sometimes from the fact (a) that the 
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upper boundary ie compoaed of portions of different curves, or (b) 
that the cune crosaes the x-axis one or more times between the limits 
of integration. In the latter ease, the algebraic signs of the parts 
muat l>e regarded, 

1. Find the area of the triangle whose sides are (a) y = 0, (i) 3y = 2x. and 
(c) 1+ y = 5. Solve, first, l>j integration; then, hy any other method. 

2. Find, by integration, the area of the quadrilateral whose sides are (a) 
y = 0. {b)y = J, (0 *y = J + 6, (d) I + y = 9. 

3. Find the areacommon to the circle, i* + y* = 12 1, and the parabola, y* = 61. 

Am. lgr+ 18. 

4. Find the euiire area between the z-azis and the cune, 

y = H^ + 2) (>: - 2) (I - 5), from i ^ - 3 to i = 6. 



A. The locus of the function y = 



■J I— 3^ 

flg. 20, — the branches AB and AC approaching the asymptotea 
DF and E O, aiuee y = (* ifa;^^]. The curve is symmetrical 



Ff.io. 

with respect to the y-axis, since the equation contains no odd power 
of X ; hence, the entire area under the ciir\-e, between the asymptotes, 
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nrnst be double the area under the branch A C. Now, the branch 
A C extends upwards without limit ; hence, it may happen that the 
area under the arc AP increases indefinitely as MP = EG. This 
can, frequently, be determined from the form of the anti-differential. 
We should get, for the area OMPA, under AP, 



X 

f 



dx 



vr 



= sin~^aj 



X' 



= sin~^a;. 



IT 



The sin~^a; approaches - as a; = 1 ; hence, we get, for the limit of 
OMPA as a; =4 1, 



(1) 



1 

area OA GE = T— =£L= = sin-^ 

J Vl— a^ 



X 







2 



It follows that the entire area under the curve BAC, from 
a? = — 1 to 05 =: 1, is IT. 

X 

B. The locus of the function y = r, is discontinuous at 

ii-x)r 

» 1= 1. From xz= to a; = 1, the curve rises from (fig. 21) to 
the asymptote CB, which it touches at infinity. From a; = 1 to 
aj=: 2, the curve rises from the negative end, at minus infinity, of its 
asymptote CD. These results may be seen by letting x approach 1, 
first, from a value less than 1 ; then, from a value greater than 1. 
The area under OP is 



X 



(2) 



OMP 



=/^.=G<'-'>*-l<'-'>'] 

^ ^ 







Now, if a? ^ 1, this result shows that the area OMP approaches 
^ ; hence, the area under the infinite branch OA, is ■^. 
Again, let 1 < OiV'< OR: the area J!^QSR is 



OB 






OR 



ON 
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Put OR— 2, and ON=x^l\ we BhaU get, from (3), 

(4) .r.aye«B| = -?i-[|(l-«)!-|(l -«)»]. 




xOs 



Fly.S.i, 

This result approaches — ^ as a; = 1 ; hence, tlie area between the 
curve E QS and the avaxie, meaaured from the asymptote CD, is 
finite and determinate if OB t= 2. 

Each case in which f{x) ^ oc at, or between, the limits of inte- 
gration, must be investigated to determine whether, or not, the 
integral ia finite and determinate. 
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Exercises. 

1. Verify the following results : 



y^dx 2 } d^ 



2. Find the area between the Cissoid, y* (2 a — x) = x^, and its asymptote, 
X = 2a. Ans. 3ira*. 

3. Show that the area between the Witch, xy* = 4 a® (2 a — x), and its 
asymptote, is 4ira*. 



39. ONE, OR BOTH, OF THE LIMITS OF INTEGRATION MAY 

BE INFINITE. 

A. The locus of the function y = g , when aj > 0, is the curve 

BA (fig. 22), which approaches the aj-axis as an asymptote. The 
area OMPB under the curve, from the ^/-axis to MP^ is 







X 

dx 

z= tan~^a: 



l-\-x' 



X 

= tan~^a;. 




Now, if X increases without limit, the area, OMPB=zt&ii~^x^ will 

TT 

approach the limit - ; hence, the area under the entire arc jB^, to 

infinity, is -. 

If X is decreased from to — oo , a branch extending from B to 
the left, indefinitely, will be traced as the remainder of the locus of 

y ^= T—j—i' The two parts, — from ic = — oo to a; = 0, and from 

X I X 

X := to X =1 CO , — are symmetrical with respect to the y-axis ; so 
that the areas on the right and left of the y-axis are equal. 
It is evident, therefore, that 



/r^. =**"-'«' 



GO 



:= 2 X area under BA =: v, 

— oo 



In general, whenever a given int^ral, 



Fy.iS. 



/- 



is such that J_ [^(^)]> <b finite and determinate, then jf(x)dx 

is finite and determinate : and, in like manner the case may be 
treated, when the lower limit of int«gration decreases to minus 
infinity. 



1. Prove the following: 






-^^ H-BicosA+i* BiDJt 



3. The equation of any hyperbola, when referred to its Mymptotes bb axes, is 
xy — k. Show that the area between one branch of the hyperbola and its asymp- 
totet, it infinite. 



, CHAPTEE XV. 

MANY- VALUED ANTI-DIFFERENTIALS: VOLUMES OF SOLIDS 
OF ROTATION. 



Problem I. IM fl 6e r^iuired to find the area under the c 
ABC, in fig. 23, from x^ = — 1 to a;,= li the equation of the « 




The differential element of area is ydx 
idifferential ia 

(1) i — -J— j = tan-** ; and we get 

(2) / _J . ^tan-'in = tan-i{l)— tan->(— 1), 
-1 1-1 

which is the expression sought, for the area under P^P^. 
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Now, we know from Trigonometry that 

9v 



tan-i(l)=j, or -^, or 



4' 



• • • • 



and that 



IT 



IT 



taii-i(— 1) =— J, or ^ , 



or 



/ IT 

T' 



, or (4fc+l)^; 



IT 



. ., or (4A; — 1)-; 



where A; may be any integer whatever. 

The question: what values^ among the many which tan~^{\) and 
ton~^( — 1) may have^ should be chosen to give the correct value for 
the determinate area under PoP^ in fig. 23? — must admit a single, 
definite answer. 




The principle which will supply this answer is furnished by con- 
sidering the locus of the equation y = tan""^a;. This locus is an 
infinite series of parallel curves, crossing the y-axis at yj^^ikv^ 
where k is any positive or negative integer. Each curve of the 
series is included between two lines parallel to the a;-axis, and at a 
distance =: ir apart (see fig. 24) . Two of these curves are shown, — 
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BOA and ODE. Each curve extends without limit to the right 
and left, approaching the dotted lines as asymptotes. 

Observe, now, that the ic, in equations (1) and (2), is required 
to increase continuously from — 1 to 1 ; hence, on the locus of 

y =^ I - — j — o = tan~^aj, the ordinate, y = tan~^aj = MP^ of a 



point P, must change value continuously from 2/0 =^ tan ^( — 1) to 
2/n = tan-i(l). 

This it cannot do unless the point P remains on a single curve ^ as 
on BOA^ while the abscissa x increases from — 1 to 1. This may 
be seen by observing that, on curve BOA^ point P is at Pi when 
xz=z — 1 and at Pg when x=i I; that, on curve CDE^ point P is at 
Pg when x=z — 1 and at P4 when a? = 1 ; and that, it is impossible 
for point P (whose ordinate is y z= tan~^x) to pass from cwve BOA 
to curve CDE when x varies continuously from — 1 to \\ that is, it 
is impossible for y = tan~^a; to change, continuously^ from its value 
at Pi to its value at P4. 

Hence we get the principle : — 

The two values^ the one of tan~^( — 1), the other of tan~^(l)^ 
Tnust he taken on the same *^ branch of the series of curves representing 
y:=z tan~^x. 

At Pi (fig. 24) x^ = — l, and y^ = tan-i (— 1) zz: — ^ . At 

IT 

Pg, «„ = 1, and y^ =z tan~^ (1) := j • Hence, we get, for the area 
sought (fig. 23) 

(3) /r^=--'* =i-(-l)=I- 



— 1 



— 1 



The same value for the area is obtained if we usfe any other 

3 IT 

branch of the series. For example, at Pg, ic^ = — 1, y^ = -— ; 

57r 

and at P4, a;„ z= 1, y^=: —— * Hence, using these values, we get 



1 

/dx 

— 1 



1 



2 



* Any single curve, of the infinite series of curves, may be called a brcmch. 



/ 
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The same considerations apply, in the ease of the anti-differential 

dx 
— 7— ^, whatever be the limits of integration. In particular, 

(*> /rT^=*»"-^^ =J-(-^) = ., (see§39), 



which gives the entire area under the curve in fig. 23. 

It may be observed that the single branch BOA i& sufficient for 

b 

, it will be sufficient to 

a 

take the values of tan~^a and tanr^b on the branch BOA; since x 
traverses its entire range of values from — oo to -|- oo on BOA^ 

IT tr 

which lies between Vi = — ;;: «wd w, .= - . 

b 

Problem XL J-J^^ = - tan-i"" 



c^ + x' 



a 



This problem may be treated precisely as the preceding. In this 

1 X 

case the anti-differential is y = -tan~^-, and its locus consists of 

c c 

an infinite series of parallel curves of the same character and relative 
positions as those in fig. 24 ; the differences being, that the curves 

kw 
cross the ^/-axis at y* = — (where k is any integer) , and that the 

c 

branches lie in strips of the plane included between lines parallel to 

IT 

the cc-axis, whose distance apart is - (compare 11. 11-15, p. 85). 

b 
Problem III. C /"^ = sin" ^ - 



a a 

In this case the locus of the anti-differential is the sinusoid, or 
harmonic curve, following the y-axis in both directions without end. 
(See fig. 25.*) The limits, a and 6, must, each, be not greater 

* Fig. 25 needs to be corrected as follows : 

(1) the P, nearest to point D should be P,' ; 

(2) the equations of the lines, BF and CO^ should be - = — 1, and - = 1, 

c c 



respectively. 



I 



Wi^piqWW"^*^f^w» 
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than c; and either one, or both, may be negative. The locus of 

yz=Bin~^-, like that of y = tsin~^x^ consists of infinitely many 
c 

branches : but, unlike that ofy=z tan~^a5, its branches are joined 

together so as to form one continuous locus. One branch is 

ABOCD^ from y=i — ir to 2/ = ^; another is DEFGH, from 

y =z TT to yz= Sir, The line x =ia, cuts each branch in two points, 

as P'l and Pi : the line aj = 6, also, cuts each branch in two points, 

as Pg and Pj- 




►r 



Fog.2.S. 



X 



The continuous variation of x^ from a to b^ requires y=: sin ^- to 
change continuously^ on one branch ; and, further, that y should 
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vary between two adjacent points, as Pi and P,. Hence, in deter- 
mining the given integral 



(5) 



/dx . -,x 



= sin"^ sin"^ 



a 



a 



we should have to take either, y^^ sin" ^- at Pi, and y^=:sin~^- 

c c 

at Pa » or, ^0 = sin"^- at Pj, and y^ = sin"^- at P4. 

As in problems I and II, all branches hut the simplest^ viz. : 
ABOCDy maybe ignored; and the values of the anti-differential 
can be taken as the two adjacent ones on ABO CD. Indeed, it 
may be seen that only the portion BOC^ of the one branchy is 

X 

Tieeded ; since, on it, the variable - traverses itp entire range of 

c 

possible variation from — 1 to 1 . Hence, in evaltuUing the integral 



I 



dx 



y/c^ — a^ 



= sin * - 



, it will be sufficient to take for «in~^- and 



a 



sin"^- the values which they have between — - and - • 
c ^ 2 2 

1 \/s 

In particular, if a =1 — -, 6 = -^, and c = 1, we get 



2 



/dx . _ 

— , = sm ^ 

Vl— a;2 



2 



-\ 



IT / w\ W 

"■3~\ 6y 2 



41. VOLUMSS OF SOLIDS OF ROTATION. 

Let the equation of the curve AB^ in fig. 26, be y :=.f{x). Let 
P^ and P, be two fixed points on it, whose ordinates are M^P^ and 
M^P^. Suppose the area M^MJP^P^ to be rotated once around OX: 
a solid of rotation will be generated, whose lateral surface is the 
surface generated by the arc PJPn » ^'^'^ whose bases are the circles 
generated by the ordinates M^P^ and MJP^. It is required to define^ 
and calculate^ the Volume of this solid. 
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As in § 31, let the eeiiee of equi-baeal rectangleB, &6 shown in 
fig. 26, be inscribed in the area in question. The b^ie of each is 

^x^=dx^ — -, and their altitudes arc theordinates of the points 

Pt,Pi,Pt -P.-i; thatis,/(a;o),/(a'i),/(M, /K-i)- 



The sum of their areas is 

(1) U= %~f\x}dx, [Eq. (6), §31]; 

and the limit of the sum of these rectangles has been defined as the 
area under Pf,P^. 

Any of these rectangles, aa M^Q^, will generate a cylinder of rota- 
tion, whose altitude is M^M^ ^ da;, whose radius is M^Pg:=f(x^), 
and whose volume [see Elementary Geometry] is tt [/(«„) ]^dai. 
Hence, we may easily obtain the expression, 

(2) "■[/(a,,)]Ma, + ^[/(^,)]*«'*+- ■ ■ ■ +'r[/K-.)]'da! 

for the sum of the volumes generated by the n rectangles inscribed 
under P^„. 

Since the limit of the sum of the areas of the rectangles, when « 
is indefinitely increased, is the area under the arc P^P^; we skaU 

define the Volunie generated by the area tinder P^P, as the limit of 
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tJie sum of the volumes generated by the n inscribed rectangles^ when 
n is indefinitely increased. 

Call this volume F; then, from (2), we have to find the value of 
the expression, 

(3) i^=,^r^s\[/(x)pdx. 

Now, this problem is identical with the following : Find the area 
under the cui^e y = ir[/(aj)]*, from x^ to x^. For, from equation 
(7) § 31, this area is 

(4) ^=,;L''Ls-[/(a^)r^a^. 



a'c 



That is, the volume generated by rotating, about the x-axis, the 
arc of y =:f(x) from Xq to «„, is numerically equal to the area under 

y = '»-[/(^)]S ^rom Xq to a;„. 

It follows, therefore, from equation (16) § 33, that 



«» 



(5) F=iCTrlf(x)ydx=:7rCy'dx, 

which is a perfectly general expression for the volume generated by 
rotating, about the a;-axis, the arc of the curve, y=:f(x)y from 

^o ^^ ^n- 

In like manner, it may be proved that 

(6) F=j'irif(y)ydy = nj'a^d!/, 

is the general expression for the volume generated by rotating, about 
the y-axis, the arc of the curve, x* ^/(y), from y^ to y„. 
The differential element of volume is 

(7) dF=vy^dx, 

when the rotation is about the a;-axis ; and is 

(8) dF=7rx^dy, 

when the rotation is about the y-axis. In each case, it is a right 
circular cylinder, with the radius y or x, and with the infinitesimal 
altitude dx or dy. 
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Exercises, 

1. Find the volume of the sphere generated by rotating the circle, 
x^ -\- y* = 2ax, about the z-azis. 

2. Find the volume of the prolate spheroid generated by rotating the ellipse, 
h*x* -f a*y* = a*6*, about the z-axis : also, of the oblate spheroid generated by 
rotating this ellipse about the ^-axis. 

3. Find the volume of the paraboloid generated by rotating y* = 4^ a; about 
the z-axis, the altitude being Xf^ = h. 

Compare this volume with that of the cylinder having the same base and 
altitude. 

4. Find the volume generated by rotating the hypocycloid, x^ -\- y^ = a', about 

either axis. Ans. -^tk^t- • 
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5. Find the volume of the cycloidal spindle generated by rotating an arch of 
the cycloid, 

x= a($ — sin $) 
y=a(l — cos^), 
about its base. Ans. 5 ir* a'. 

6. Show that the volume generated by an area lying between two curves, 
y =f(x) and y = (x), when rotated about the x-axis, is 

7. Find the volume of the elliptical anchor ring generated by rotating the 

ellipse, y = c ± - ^^ a* — x', about the z-axis. Ans. 2ir*abc. 

It a = by this becomes a circular anchor ring, or torus, and F= 2ir*a*c. 
If, also, c = b = ttj the ring has no opening, a cross section through its axis 
will be two equal tangent circles, and F= 2ir*a'. 

8. Find the volume generated by rotating x^y* = (a — x) (x — b) about the 

a 
X-axis. Ans. 2ir (i — a) + ir(b -\- a) log -r • 

X X 

9. Find the volume generated by rotating the catenary, y = „ (*" + * ")» 
about the x-axis, taking the arc between the limits — x^ and x^. 

Ans. -2~\2^^"~^ "-^"^ M * 



CHAPTER XVI. 

DEFINITIONS AND PRINCIPLES: ROLLES THEOREM: LAW OF 
THE MEAN, AND DEPENDENT THEOREMS: GENERALIZED 
LAW OF THE MEAN. 

42. DEFINITIONS AND PRINCIPLES. 

I. We shall use the phrase, the interval (a, 6), to refer to the 
set of values from a to 6, inclusive ; where a and b are arbitrary 
constants ; and, unless the contrary is stated, a<^b. 

The value a^, will be said to belong to the interval (a, b) when 
a<Xi <,b: and the interval (c, d) will be contained in the interval 
(a, b) when c and d belong to the interval (a, b), 

II. The function / {x) , is continuous at the value x:=Xi if it is 
single- valued and 

that is, if 

If /(ajj) = 00, it is possible for /(a) to be continuous up to x^y 
either on one side, or on both sides, of x^ ; but/(a;) is not continu- 

X X 

ous at «,. For example, y = , . „ , and y = , are contin- 

(x — XiY X^^Xi 

nous up to, but not o^, Xi. 

III. The function /(«), is continuous within the interval (a, 6) 
if conditions (1) and (2) are satisfied when a<^x<^b; and it is 
continuous throughout the interval (a, b) if it is continuous within 
Hie interval and, also. 
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IV. The function /(a;), is said to have a derivative on the left 
of Xi if the ratio 

— ^^ ^-^ — - , when A a? = 0, 

either a) approaches a limit, or fi) becomes determinately infinite ; 
that is, becomes positively or negatively infinite: and f(x) is said 
to have a derivative on the right of Xi if the ratio 

/(iCt + Aic) — f(Xi) 

Aa; 

either approaches a limit, or becomes determinately infinite. These 
may be called the left-hand^ and right-hand^ derivatives. 

The function /(a;), is said to have a derivative at Xi, when it has 
a derivative on both sides of x^; that is, when 

/gx lim r /(a;, — Ay) —f{Xy) '^_ lim r/ (a;i + Aa?) — /(gQ -l 
^ ^ Aa;=oL — Aa: J Aa:^oL Aa; J 

I aj = Xj 
Condition (3) excludes the case of the cusp^ shown in fig. 10, p. 34 ; 
■since the left-hand and right-hand derivatives at Pi and P^ have 
opposite signs : but condition (3) admits the case of the point of in- 
flexion tchen the inflexion-tangent is parallel to the y-axis (see § 21) ; 
since the derivatives on both sides of the point of inflexion become 
infinite with the same sign. 

V. The function /(a?) , is said to have a derivative within the 
interval (a, h) when it has a derivative for all values of x within 
the interval, but not including a and h ; and to have a derivative 
throughout the interval (a, h) when it has a derivative within 
the interval, a right-hand derivative at a? = a, and a left-hand 
derivative at xz=ih. 

VI. If the function, /(a?), is single- valued and has a derivative 
at the value x^=z Xi^ it is continuous at x^ ; for, by hypothesis, 

lim r /(a?i — Aa;)— /(a;0 -|_ lim r /(a?i + Aa;)— /(a;t) -| 
^ ' Aa:^oL — Aa; J Aa;^o[_ Aa: J' 

whence, 

and condition (1), of this §, is satisfied at «!. 
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The converse of this propositioii, viz. : Iff{x)is ccmtinuoua at Xi it 
has a derivative at x^^is true for all the functions the student is likely 
to find in his work ; but is not universally true. 

VII. If the function, /(«), is continuous and single- valued 
throughout the interval (a, h) ; and if, moreover, /(a) and f{b) 
have opposite signs ; then there must be at least one value of op, 
between a and 6, at which / {x) vanishes ; that is, 

if /(a)^0 and/(6)^0, then f {x^) = 0, a<a;i<6. 

The analytic proof of this proposition is too long for insertion here : 
it can readily be seen to be true by plotting the locus of y :=.f{x) for 
the interval (a, h), 

VIII. We shall find it convenient to introduce the Lagrange sym- 
bols for the successive derivatives of f {x) ; viz. /' {x) ^D^f {x)^ 
f"(x)=DJf(x), f"'(x)^D,\f{x), f'(x)=Dj'f{x). 

With this notation, the symbol /' (aji) represents the particular 
value which /' (x) assumes when a; = a^ ; that is, the two symbols, 
/' (xi) and D^f{x) , mean precisely the same thing. The con- 

x = x^ 
venience of the first is obvious. 

43. ROLLS'S THSORSM. 

Suppose the function^ /(^J), to have a derivative and to he finite 
throughout the interval (a, b) ; suppose also that f (a;) vanishes at a 
and 5, that is, 

(1) /(a)=/(6) = 0; 

then, there must be a^ least one value of x, between a and 6, for which 
f {x) vanishes; thai is^ 

(2) /'(a:0 = 0, a<a;i<6. 

This is known as RoUe's Theorem. It means, geometrically, that : 
If a single-branched curve containing no cusp, connects two points, A 
and B, on tTte x-axis, the tangent to the curve must be parallel to the 
X-axis for at least one point, Pi, between A and B. 

Proof: — The function f {x) must be continuous, by § 42, VI. 
Then, either (l)/(aj) = throughout the interval (a, 6), or (2)/(aj) 
takes only positive values, or (3)/(aj) takes only negative values, 
or (4) f{x) takes both positive and negative values. 
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In case (1), f(x) is a constant; and, therefore, its derivative, 
/' («), vanishes by Ex. 16, § 9, for all values of x in the interval; 
and the theorem holds. 

In case (2), /(a?) must begin by increasing from /(a) = ; and 
must end by decreasing to/(6) = 0; as x increases from a to 6. 
There rnust^ then^ he cU least one value of a, say a?i, for which /(«) 
is a maximum; that is, at which 

(3) f(x,—Ax) </(a^) >f(x^ + Ax). 

Hence, both 

/(aji — Aa?)— /(aji) and /(a^i -f Aa?) — /(^i) 

are negative ; and, therefore, the ratios, 

.^. f(x, — ^x)—f(x,) ^^^ f{x^ + d.x)+f{x,) 

— Aa; A« ' 

must have opposite signs, 

But/(aj) has a derivative at aji, by hypothesis ; hence, by § 42, IV, 
(3), the two ratios in (4) must have identical limits as A a; = 0, and 
this limit is f (x^). Now, it is obvious that two variables having 
opposite signs can have no common limit except zero; hence, 

(5) /' (^i) = 0, 

and the theorem holds for case (2). 

Similarly, case (3) can be proved; since f{x) must take at least 
one minimum value when f{x) takes only negative values. 

Case (4) follows at once from cases (2) and (3) ; for, suppose 
f{x) first takes positive values then negative values. Since f{x) 
is continuous, it must vanish when it changes sign (§ 42, VII) , Let 
a; = 6i be the value of x at which /(6i) z= ; then «<[ 6i <:^ 6, and 
by case (2) f\x) must vanish for at least one value of x between a 
and hi ; which proves the theorem for case (4). 

Exercise. 
1. Write out the proof for case (3). 
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44. THE LAW OF THE MEAN. 

If the function^ f(j^)^ ^^^ ^ derivative throughout the interval 
(a, &), th^en there must he at least one value^ a^i, between a and 5, at 
which we have 

(1) /W-/(«) ^,.(,^) , a<x.<6. 

This theorem, called Law of the mean^ may be proved by aid of 
the following auxiliary function, 

/W— /(a). 



(2) F{x) =f{x) —f{a) — {x — a) 



a 



which, obviously, has a derivative throughout the interval (a, &). 
Now, F{a) = F{b) = ; for, 



and 



Fia) =f{a) —/(a) — (a — a) 1^1-^^= 0; 
F(b)=f(b)-f{a)-(b-a)l^^;^=0. 



Hence, by RoUe's Theorem, F'(x) must vanish for some value, a?!, 
between a and b. 

(3) . • . F' {X,) =/' (x,) -^J^^^IS^ = 0, a < xi < 6. 

Equation (3) is obtained by di£fei*entiating (2), then substituting 
Xi for X. 

Transposing in (3) we get (1), q.e.d. 

Another convenient form of (1) may be obtained as follows : — 

Let the interval (», x-\-h) be contained in the interval (a, 6). 
The theorem, above, must hold for this new interval ; since all the 
initial conditions are satisfied in it. We get, therefore, from (1), 

since x<^x^ Oh<^x-\- h^ when <^ ^ <^ 1 . 

Clearing (4) and transposing we get, 

(5) f (^x + h) =f(x) +hf' {x+eh), 0<6><1; 

which is a common form of the " Law of the mean." 
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Exercises. 

1. Show that i — J \ J jg tjjg slope of the chord joining the two points, 

— u 

A and B, whose abscissae are a; = a, x = 5, on the locus of y =/(z). 

2. Verify equation (1) for the function y = i^/x for the interval (4, 9) ; and 
show that (1) means that : at some point on the parabola y = 4^a;, between the 
points X = 4 and 2 = 9, the tangent is parallel to the chord joining these points. 
Can you find the point of contact of that tangent? Find the value of 0. 

3. Show that the geometric meaning of the *' Law of the mean " is this : — 
If A and B are two points on the locus of y =/(x), having the abscissa a 

and b, then, provided this locus has a tangent at each point and has no cusp, 
there is one pointy cU leasts between A and B at which the tangent is parallel to 
the chord A B. 

4. Show that the function, F{x), in equation (2), represents the length PQ, 
where Pand Q are points, respectively, on the curve y =f(x) and on the chord 
A B, \ see ex. 3] having the same abscissa x, a-^x-^b. 

Show that the length, F(x), is a maximum, or a minimum, at a point where 
the tangent is parallel to the chord. 



46. THEOREMS DEDUCED FROM THE LAW OF THE MEAN. 

I. If the derivative^ /'(^)» ^ff(^) ^Quals a constant^ ky throughout 
the intervcU (a, 6), thenf(x) is a linear function ofxin this interval. 

Proof; — Since f'(x) = k,f(x) has a derivative; and we get, 
by the Law of the mean, 

(1) /(»)-/(«) ^^,(^^)^ a<:x,<:x<b, 

= A:, by hypothesis. 

(2) .-. /(a;) =/(a)+A;(a; — a), a<a;<6. 

The right member of (2) is linear, obviously; hence, since (2) is 
an identity, f(x) is linear, q. e. d, 

m 

II. If the derivative, /'(«), vanishes throughout the interval (a, 6), 
ihenf{x) z= f (a) :=. A is a constant in this interval. 

Proof: — This is the special case of I, above, in which A:= 0. 
Substituting in (2) we get, since x — a is finite, 

(3) /(«) =/(a) = A. 
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Iir. If the derivatives^ f\^) ^^ ^'(^) » ^f ^^^ functions, f(^) ^^^^ 
^(a;) , are equal for the same values of x throughout the interval (a,b) ; 
thenf{x) and ^{x) can differ only by a constant term. 

Proof : — /' (x) = <^' (x) , by hypothesis ; 

. • . /' (a?) — <^' («) = 0, a<x<b. 

But /' (a;) - <^' (x) = D^ lf{x) — ^ (a:)] = ; 

hence, by II, above, we must have, 

(4) f{x)—^{x)^A^ or 

(5) /(a;)z=<^(a;)+^, a<a;<6, 

where A is any constant. 

[This theorem is assumed in § 24, equations (15), (16).] 

46. GENERALIZED LAW OF THE MEAN. 

I. Letf(x) and ^(a;) be two functions which are continuous through- 
out the interval (a, 6), and have finite derivatives everywhere tvithin 
this interval; suppose, also, that ^'(a?) does not vanish, and ^(b) is 
not equal to ^{a) ; tlien, for some value, x^, between a and ft, we can 
prove that, 

Proof :— Denote the constant, {],[ ,, r> by 6?. Then 

theorem (1) may be expressed, 

(2) G <^' (a^O — /' (X,) = 0, a < aj, < 6. 
Consider the expression 

(3) G^<^'(aj)— r(aj), a<a;<6. 
It is, obviousl3% the derivative of the function, 

(4) F(a;) = G^<^(a;)— /(a:)+A;, a<a;<&; 

and, from our hypothesis, (3) must have a determinate value for 
every value of x between a and b : so that F (x) has a derivative, 
-F' (aj) ^ G^\x) — /'(^)» ^^^ ^ values of x between a and 6. The 
constant, A;, is arbitrary. Let it be chosen so that F {x) shall 
vanish when xzzza', then, 

(5) F{a) = Q^ (a) —/(a) + A: = ; 
whence, kz=.f{a) — G^^(a). 
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Putting this value of A; in (4), factoring, and restoring the value 
of ©, we get, 

(6) F(x)^l^^^^ C<^(a')-<^ (a) ]-/(«) +/(«). 

From (6) it is plain that F(x) vanishes when x-=.a and when 
x-^b; and, therefore, by RoIIe's Theorem, we must have, 

(7) F' (a;,) = Q<f,> («,) — /' («.) = 0, a < a!,< 6. 
Whence we get, 

^^^ ^(6)-<^(a) - ^- <^n^)' «<*'<^' «• «• <^- 

If the interval (x, a;-|- A) is contained in the intei'val (a, 6), and 

^ (^) ^ ^ (^ + '0 5 ^^^'^ (^) ^^'-y ^® P"t ^^^<^ *^® fonn, 

since a;<^a5-|-^/i<]a5-|-A, when <^$<^ 1 . 

The following extension of (9) is sometimes useful : 

Suppose that /' (a?) and <^' (a?) are continuous throughout the 
interval (05, a? -|- /i), which is contained in the interval (a, h) ; suppose 

that <t>' (a?) ^ ^' (a? + /i), and tha^ <t>" (au) c?oes noi vanish, and that, 

moreover y <t>" (x) and f" (x) are finite for all values of x between x 
and x-\- h; then, as above , we 7nay prove that, 

^^^ ^'(x-\-h)—<f>\x) - ^"(x + ohy "^''^^• 

And, in general, if the (n — 1)** derivatives,/""^ (x) and <^"~^ («), 
with their derivatives, /** (x) and <^" (a;) , satisfy conditions identical 
with those of the generalized Law of the Mean ; then 

.... /"-' (^ + h) - /"-^ (X) _ r (X + Oh) .^.^- 

^ ^ <i>"-^(x+h)—it,^-^{x)~'<i>-(x+ehy "^^\"^- 

Exei'cises. 

1. Verify equation (8) for the case in which/ (a;) = i* + 2 a, (a;) = at' + a; + 1, 
a = 2, and ft = 3. Find a;i. Use form (9) also, and find 0. 

2. Find x^ in eq. (8) when/(a;) = cos x, (a;) = sin a;, a = 0, and b = - - 

6 



CHAPTER XVII. 

THE INDETERMINATE FORMS. 
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0' ^ 
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47. LIMITING VALUES OF CERTAIN FUNCTIONS WHICH ASSUME 

INDETERMINATE FORMS. 

A. The form -- 



f (x) 
Let Fix) =: ' ^ ^ be a function of x which, for x=z a, takes the 

<t^{x) 

indeterminate form, 

(i> ^(«> = iSy = 5' /(«) = <^ («) = 0. 

In many cases the limiting value may be found by canceling a 
factor of / (a;) and ^ (x) , whose presence causes each to vanish ; 
and then substituting in the reduced form the value of x which ftiade 
f(x) and <t» {x) vanish. For example, 

F(x) = is indeterminate if a; zz: -. 

etna; 2 

But, 



F{x) 


COS X COS X 

-^ -^ — — Bin 0* • 


— — — — OIU •*/ ■ 

ctn X cos X 




sin X 


<i) 


sm - 1. 

ctn 1 ^ 



The following theorems will, generally, furnish the limiting value 
of F (x) z=zf(x) -^ <^ (a;), when f{x) and ^ (a?) are simultaneously 
zero. 



§47] 



102 



I. Let f(x) and ^ («) satisfy the conditions of theorem I o/ § 46 
for the interval («, a-\-h) ; and let f{a) =z <^ (a) = ; then, if the 



ratio 



<t>'(x) 



(2) 



approaches a limit ^ A^ as x approa^ches a, we shall have 



In this case, equation (1) of § 46 becomes, on replacing h by 
a-\-h^ and noticing that /(a) = ^ (a) = 0, 

/(« + ^)_/'(a'i) 



(8) 



, a<^x^<^a-\-h. 



ik{a + h) <l>'{x,) 
Now, if /i = 0, iCi = a ; and (3) approaches the limiting form, 

^ -* <^(a) <^'(a) 

But, by hypothesis, the right member of (3) approaches the limit, 
A, when as, approaches a; hence, (4) shows that 

It is assumed that a is finite. 

Exercises. 

Find the limitiiig values of the following indeterminate forms for the values 
of X given with each : — 



1. 
8. 
5. 



smmx 



, when X = ; 



1 — cos X . 

— ;— = , when » = ; 

sm* X 



sinx 



sin2x 



, when x = 0] 



2. 
4. 
6. 



X 

logg 
x*-l 

a*— 1 



xa 



X 



, when x = 0; 
, when a; = 1 ; 
, when x = 0. 



f(x) 
II. In some cases when /(<*) = <^(«) = in F {x) =z ^-)— (, i^ 

■ft / \ 
happens that both f'{a) = and ^'(or.) = ; so i/ia^ Tr~^ ** <^^^^ 



indeteiminate. 

In this case, we get, from (10) § 46, 



*'(«) 



(6) 



f'(a + h) f"(x^) ^ ^ , X. 
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provided /'(«) and i^'(x), with their derivatives, /"(a;) and ^"(®)> 
satisfy the same conditions as pi^scribed in § 46 for f(x) and 
^(a;), etc. 
In (6), if we make K ^ 0, x^ ^ a, and we get the limiting form, 

^ ^ <k'{a) ~ Via)' 

Therefore, if the ratio „ approaches the limit A^ the ratio 

fix) 
. must, from (7), approach the same limit when » = a; and, 

9 W 

sirice ^rr-r ^* *^^* ^^^^ shown to approach a limit j Aj it follows 
<f»{x) 

f(x) 
from theorem I that F (x) = ^ approaches this limit. 

We get, therefore,when/(a) = <^(a) = 0, and /'(a) =: <t^\a) = 0, 



ijf tY should happen thai both f"(a) = and ^"(a) = 0, we coiUd 

,. /"'(fO 

value ^ we must have 



show in like manner thai, when the ralio, xnfTZT^ ^^** ^ determinate 



This reasoning may be extended in case /'"(a) and ^"'(^) should, 
also, equal zero. 
It may be shown that (5) , {8) , and {9) , hold, also, when a = oo. 



^a;erc/sea. 

- e* + «'-«-- 3 , «, r» tan a a; — aa; , 

1. ; , when » = 0. 2. - — ; r- » when x = 0. 

xsinz tan6x — ox 

a « — sin « , ^ - tan at — sin x , 

8. -3 , when » = 0. 4. ^ , when x = 0» 

x* X — sm X 
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6. . , when x= 1, 

1 -V2x-a;« 

o. T7= » when a; = 1. 

7. > , when x == a. 



5. The form ^. 



f(x) 
Let 2^(0?) 1= Vt— r be a function of x which, for a value a = a, takes 



the form, 



^^*> = il?y = »' •''^"^ = *' * ^"^ = *' 



where a may be finite or infinite. 

In this case^ as in the form -, if the routio^ , , ^aA;es a determi- 
note value ^ A, when x approa/^hes a, tJien we may prove that, 

Oft if ■■. / ts indeterminate but . ., , , Acts a determinate value. A, 
<^'(a) <^"(a) 

If ,,^ is also indeterminate the higher derivatives may be used, 

as in the case of -• 



The proof of the foregoing rule is omitted. 

C. The form X oo. 

Let F {x) z=.f{x) X <^(^) be a function of x which, for a value 
x=ia takes the indeterminate form, 

(12) F{a) =f(a) X <^ (a) = X oo,/(a) = 0, <^(a) = oo. 
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In this case we may put F {x) into the form, 

(13) F{x) = ^^\ or, F{x)=t^. 

J(x) 7{x) 

The first of these gives F{a) = ^ ; and the second gives F{a) = ^ : 
hence, this form may generally be evaluated by the rule for the form 
-, or for ~, after changing it to one of the forms in (13). 

D, The form oo — oo. 

Let F{x) =/(aj) — ^(a?) be a function of x which, for a value 
0? = a, takes the indeterminate form, 

(14) F{a)=f{a)—4i{a) =00 — a),/(a) =00, ^ (a) = oo. 

It frequently happens that /(») =/i(a5) -^/a(«) and ^(a?) = 
^i(x) -^ ^8(^) ; so ^^^ ^bis form can be written, 

(15) 2.(.)=/(.)-^(.)=^-|l^ 

_ /i (a?) <^2 (a?) — /g (a?) <^i (a?) 
<^2 (aj) /s (a?) 

in which /2(a) = ^s(a) = 0. In such case, (15) shows that, in 

general, i'' (a?) takes the form - after combining the fractions; 

hence, it can be treated as in case A, 
In any case we may write, 

(16) F(x) =f(x) -<k(x) = [1 -^ j f(x) ; 

<h(a) 
and, F{a) must, therefore, be infinite if \.^ has any value different 

from unity. 

If, however, ^^ = 1, then (16) takes the form, 
' /(a) ' V / 

(17) F(a) = [l_*gj] /(a) =0 X ^; 
and its limiting value can be found as in case (7. 
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E. The forms 0% 1* , oo^ 

Let F(x) = [/(«)]^^*^. The following eases may arise when x 
takes the value, a : 

a) F{x) = 0^ if /(a) =<t>{a) = 0; 

p) F(x) = 1 **, if /(a) = 1 and <^ (a) = oo ; 

y) F{x) = 00^ if /(a) = 00 and <^ (a) = 0. 

Each of these cases may generally be evaluated by taking the 
logarithm of F{x). We get 

(18) \ogF(x)=<t^(x) log/ (a:), 

It may be seen from (18) that log F(a) takes the form X«> for 
all three cases, a), P) and y), above; hence, we may first find 
logF(a) as bpfpre; and thence obtain F(a). 

If logi^ (a) = A;, then 

F{a) = [/(a)]^(«) = e*^. 

Exercises. 



Find the limiting values of the following : 

^ tana; , ir _ 

1. ; — 5— , whenx=-; 2. 

tan 3 2 2 



X log ( 1 + - ) » when x = 00 ; 



8. 
5. 
7. 
9. 



(1 — sinx) tan», whenx = «; 4. 



sec X — tan a;, when x = 



, when » = 00 ; 



2' 



D+a*' 



when X = 00. 



6. 

8. 



, when x= I; 



X — I logx 



( I + wi x)x , when x = ; 
iC, when X = 0. 



CHAPTER XVIII. 

SERIES: CONVERGENCY: POWER SERIES. 

48. SERIES: DEFINITIONS. 
The term series is used to refer to a set of numbers such as 

(1) Wi + ttj-f Wj-f W4-f «5+ . . . . , 

whose terms, %, 1^29 ^st ^^^m a^^ formed in some defined manner. 
The number of terms is unlimited, or infinite : and each term may be 
a constant, in which case it is called a series of constant terms ; or, 
the terms may be all functions of some variable, in which case it is 
called a series of variable terms. A series of positive terms is 
one whose terms are all positive ; and an alternating series is one 
whose terms are alternately positive and negative, either from the 
beginning or after a fixed term. A power series is one whose 
terms contain only positive integral powers of a variable, arranged 
in ascending order. 

Each term of a series is assumed finite. 

The symbol S^y will be used for the sum of the first n terms 
of a given series : thus, Si=^ u^^ /S^g = ?^i -f- Wg, S^ = *h + *h + '^8» 

• • • • • 

(2) ^n = % + «*a + ^8 + «*4 + . . . • + ^n. 

It is understood that the terms must be added in the order in which 
they are written. 

Each term of the series being finite, S^ is finite for all finite values 
of n: but, if n is Andefinitely increased^ it may happen that either 
(a) S^ approaches a limit, A ; or, ()3) S^ l^ecomes infinite ; or (y) S^ 
is indeterminate. 

In case (a) the series is said to be convergent, or to converge to 
the limit, A\ but in cases ()3) and (y) the series is said to be 
divergent. 
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A series of constant terms must be either convergent or divergent ; 
while a series of variable terms may be convergent for some values 
of their variable, but divergent for other values. 

For example, the series l + i + ^ + ^+.... ,is convergent ; 

limS lim F^ 1 "I ^ 

since ""* ^*» = - — rr — ;; — = = TT : 

n = co n = <»|_2 2 ' 3"~*J 2 

but the series, l-|-2 + 4-|-8-|-..., ,is divergent ; 

since Ihn S^ = lim [2» — 1] = oo. The series, 3 — 3 -f 3 — 3 
n zz CO 91 = 00 

-|- . . . . , is divergent ; since lim S^ is indeterminate. 

n= CO 

The geometric series, a-f-aa-|-a«^-|-aaj'-|-. ... ,is conver- 
gent if — l<;aj<^l, divergent if a? = ± 1, and divergent if 
— 1 > a; > 1 ; since 

lim^^__ lim r a(l — a^) n a ^ Hm F a?* "! 

» = Qo » = »[_ 1 — X J 1 — X n=flo LI — xj 

The arithmetic series, a -|- (a + a?) -|- (a + 2«) -|- . . . . , 
is divergent for every value of x; since 

lim S^ =: lim \_an + Jn (w — l)aj]=ioo, 

unless both a and x equal zero. 

When a formula can be found for S^^ as in the geometric and 
arithmetic series, it is generally a simple matter to determine whether 
the series is convergent or not : but in many important cases, no such 
formula can be obtained ; so that other methods must be devised for 
determining the convergency or divergency of a given series. 

In the case of a convergent series, the lim 8^ = A can be substi- 

,n = 00 

tuted for the series in computing : but a divergent series cannot be 
represented by any definite number^ and must be avoided. 

A suiyimary of the most useful rules for testing the divergency or 
convergency of series will be found in the next section. The proofs 
of these rules are omitted. 

Note. — The student will find demonstrations of nearly all the theorems stated 
in §§ 49-50 in C. Smith's Treatise on Algebra, in 6. Chrystal's Text-book of 
Algebra^ and in W. F. Osgood's Introduction to Infinite Series, 
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49. CONDITIONS AND TESTS OF CONVERGENCY AND DIVER- 

f 

GENCY OF SERIES. 

I. The series, Mj -|- w, -|- a, -|- U4 -(-... . , is convergent if 
lim S^ = lim [t^i + % -|- Wa + • • • • + <*«] = ^> where A is some 

n =: OD n = OD 

determinate number ; the series is divergent if S^ is infinite or inde- 
terminate when n is infinite. [See § 48], 

II. The series, Wi -|- 1*2 + Wj -|- 1*4 -|- . . . . , cannot be conver- 
gent unless limw, = 0; but it is not always convergent even when 

n = 00 
lim i/„ =z 0. 
n = 00 

III. The convergency or divergency of any series cannot be 
affected by omitting, or afiSxing, a finite number of terms at the 
beginning ; or by reversing all its signs. 

A. Senes whose terms are all of like sign. 

IV. Given the series to be tested, 

(1) Iti + ttj + Wg + M4 + . . . . , 

whose terms are all positive (or all negative). Compare it with a 
second series, 

(2) Vi + Va + Va + V4 + . . . . , 

whose terms are all positive (or all negative). If series (2) is 
convergent and any term^ i;<, is numerically greater than^ or equal to^ 
the corresponding term, m^ , of series (1), then series (!) is convergent, • 
But, if series (2) is divergent, and any term, v^, is less than, or 
equal to, tlie corresponding term, Uf, of series (1), then series (1) is 
divergent. 

Two series which may be thus used for comparison are : 

(3) a -(- aaj-|- aaj^-|- aa*+ . . . . , 

convergent if — 1 <^x <^1, divergent if — 1 > a; >1 ; 
and 

convergent if a; > 1 , divergent if a < 1 . 
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Exercises, 

1. Show that the two Beries, 

are convergent. 

2. Show that the series, 

1 + 1,+ 1^+.. 



is convergent if x'^l; divergent t/ s^ 1. 

V. Given the series of all positive (or all negative) terms, 
(5) «*i + «*a + ^» + ^4 + • • • • 

The ratio of the (n + 1)* term to the n** is -^^^ , where n may be 
1,2, 3, 4, . . . . 00. This ratio is called the test-ratio of the series. 
Let lim S±l = x. 

If 0<X<[1, the series is converge7U; 

if X=zl^ the series may be convergent or divergent; 

if X'^l^ the seines is divergent. 

In the \!ase X = 1 the following test will sometimes determine 
convergeney or divergency : 

VI. Denote the limit, lim n(l ?l±1 J L by A;, where 

u^+i -f- u^ has the same meaning as in V, and all the terms of the 
series have the same sign. 

Then, it k^l^ ork= <x>y tlie series is convergent; 

if A; = 1 , tJie series may he convergent or divergent ; 
if A; <^ 1, or A; z= — 00 , the series is divergent. 

The student should obsei*ve that this test will not apply unless the 
terms of the series all have the same sign. 
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B. Series containing bath positive and negative terms. 
YII. An alternating series, 

(6) til — tt, + tt, — 1*4 -|- . . . • , 

toiU be convergent^ »/ (o) Wj >► w, >► w, >► tt4 ]> . . . . , 

and (P) lim u^ = 0. 

11 = 00 

VIII. A series containing both positive and negative terms, 
whether alternating or not, nriU be convergent^ if it is convergent 
after aU the mintis signs are changed to plus. 

IX. Any series, 

(7) Wl + «!+«• + W4 +•••• » 

will be 

convergent if — 1 <[ X <[ 1, 

divergent if — 1 >► X > 1 ; 
where \=i lim r^^H- 

But if \=.±\^ this test will not determine convergency or 
divergency. 

X. The infinite product, 

(8) (l_*) (l_|) (l_|) (l-i) . . . . to infinity, 
converges to the limit zero for all values of k greater than 0. 

Eocerdses. 

1. Show thai the series, 

«• 'x* x' 

«+ 3-4-y + y + , 

if convergent if — 1 ^x ^ 1, and divergent if — 1 >> s >^ 1. Can 70a deter- 
mine the cases s = ± 1 ? 

2. 8lM>w that the following series are convergent for cUl finite valuec of x : 

a) 1 + X loga + — gf— + 31 + » 

X* X* x^ 
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at* «* a^ ^ ' 

^ ^ + 21+47 + 6!"'" 

, flf* X* ai' 

35' X x' 

8. Show that the two series, 

la^l.Sa;* 1.8.5 «^ 

*^ * + 2y^2T4y^ 2.4.6 T "^ 

»» »* a;» 

are convergent if — 1 < x < 1 ; and thai the second is convergent also if 
x= ±1. 

4. Show that the two series below are convergent when — 1 < a: < 1 : 

7^ n^ x^ 

x* af' X* 

«>; -^-y-y-T" 

Will either of these two series be convergent when x = — 1 ; when x = 1 ? 



60. POWER SERIES. 

The series, 

(1) ao + ai a; -|- tta a;* + ^8 ^ + ^4 ^ + • • • • 

containing only positive integral powers of x arranged in ascending 
order, in which the coefficients, a^, ai, a^, etc, are either constants 
or independent of x^ is called a power series in x. 

A power series may* be convergent for all finite values of its vari- 
able, as the series a) to/) in ex. 2 of § 49 ; or convergent for a limited 
interval of values of its variable, as the series in exs. 1, 3 and 4 
of § 49. 

I. If series (1) 6e differentiated^ term by term, we get 

(2) ai + 2a2aJ + 3a8a?^+ 4a4a*+ 

If series (1) be anti-differentiated, term by term, we get 

(3) A; + a„a,+ |a^ + |a;»+^a^+ 
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The test-ratios for series (1), (2) and (3), are 

?«±i^, !L±i?«±ia, and -^-'^x. 
a, ' n o, n + 1 a, 

I^t -^^ = L wJien this limit exists. Then, it is obvious that 

each of the three test-ratios approaches the limit Ixy when n is in- 
finite. Hence the three sei-ies (1), (2) and (3) are all convergent 

when — l<^lx<^l J or, when /^O, — T^^'*^T» ^** ^'*' *^ 
are convergent for the same interval of valiies of x, 

II. If the power series, 

(4) ao + aiaj + a,ic" + a8a^+ . . . . , 

is convergent throughout the interval (a, 6), it may be either anti^ 
differentiated^ or integrated^ term by term^ and the result will be valid 
for all values of x between a and 6, a<^x<^b\ also, the series 
may be differentiated^ term by term^ for all values of x between a 
and 6, a <[ « <[ 6. 

III. If a power series, 

(5) at-f-Oias + a, aj*-|-ata*-|-a4aj* -|- . . . . , 

vanishes for every value of x throughout a finite interval (a, 6), 
which includes the value zero, a<^0 <^b^ then each coefficient van- 
ishes; or, 

Oq = aj = a^ = . . . . =0. 

IV. If two power series, 

(6) ao + aiaj + a,aj*-|- a8a*+ . . . . , 

(7) b^ + b^x-\'b^7^-\'b^^+ , 

are equal for every value of x throughout a finite interval (a, 6) , in- 
cluding the value zero, a <^ <:^ 6, then coefficients of like powers are 
equal; that is^ 

«o = ^09 <*i = ^1 » aj = 6,, 
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Exercises, 
1. From the two series, 

1 

a) — - — = 1 — a; + »• — »'+ ac* — ... . , 

1 4- a; 

6) Y-^ =l + a; + x« + «» + aE*+ , 

1 — X 

which are readily ohtained by division, derive the following by multiplying a) 
and 5) by dx^ then integrating term by term : 



r dx «• x' a* 



/dx X* X* fl^ 
j— ^ =_log(l-x)=x+- + y + -+ 



2. Derive the following series from a) and 5) by differentiation : 

/I i N, = 1 - 2x 4- 3x« - 4x« 4- , 

(1 + x)' 

/) -^-i-^= 1 + 2x + 8x« + 4x3+ 

(1 — xj* 

Verify /Aem hy division. 

8. For what values of x are series a) to /) convergent? Which are con- 
vergent atx = — l;atx=l? 



CHAPTER XIX. 

DEVELOPMENT OF FUNCTIONS IN SERIES: TAYLOR'S 

THEOREM AND SERIES. 

61. THE DEVELOPMENT OF CERTAIN FUNCTIONS IN SERIES: 

TAYLOR'S THEOREM AND SERIES. 

In ex8. la and 16 of § 50 the student will obsei-ve the expansion 
of the functions, (l-j-a?)"* and (1 — a?)"S in series, by ordinary 
division : in exs. Ic and Id he will notice the series representing the 
functions, log (1 -j-a;) and log (1 — x) \. theee being obtained by 
integration. No doubt the student has already become acquainted 
with the fact that it is possible to develop (or, expand) some func- 
tions in series ; and has asked himself whether there is any general 
method, or formula, by which functions might be developed, when 
they are capable of development. He has probably been told that 
logarithms, trigonometric functions, and other very useful tables of 
numbers, are computed by the aid of certain converging series ; and 
has wanted to know how it could be done. 

We shall now state, and prove, the general formula by which all 
functions which satisfy certain conditions may be expanded in power 
series ; either into infinite series or finite sums, as the case may be. 

Theorem. Let f{x) be a function satisfying the following con- 
ditions: 

a) f {x) and its Jirst n — 1 derivatives^ f\x)^f*'(x)^ f"'{x)^ . . . . 
/*~* (aj), are continuous throughout the interval (a, b) ; 

fi) the n*^ derivative /"(«), is contimious for every value of x 
between a and b; 

then^ if aJ > a, and a? -|- A < 6, 
1. /(x + h) =fix) + hf {X) + ^f\x) + 1^/'" («)+.... 



wAereO<*<l. 



-'^-(^.f'-\-)+^rix+m. 
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This formula is known as Taylor's Theorem. For the special 
cases when n = 1, 2, and 3, the formula gives : 

II. f{x-\-h)=f{x)+hf{x + eh); 

III. f{x + h)=f{x)+hf>{x)+^f'(x+eh); 

IV. fix + h) =f(x) + hf(x) + ^f"{x) + ^f"(x + eh). 

fin 

The term — /» (a?-f- ^^) is sometimes called the remainder, and 

denoted by the symbol R^, 

If II is compared with (5), § 44, it will be evident that the Law 
of the mean is a special case of Taylor's Theorem. 

Proof of Taylor^s Theorem. Consider the following function of x : 

(1) F(x)=f{b)-f{x)-(b-x)f'(x)-^^^^r(x) — 

• • • • - ^j^zzryr^' ^''^ -A(b-xy, 

which is made up from f{x) and its first n — 1 derivatives ; and, in 
which A is an arbitrai'y constant. 

It X := b^ F (a?) vanishes. It may be seen that F (a?) is continuous 
throughout the interval (a, b) ; for (6 — ^a;)"*, where m is any positive 
integer, is continuous for the interval (a, b) ; and each of the other 
factors^ /(a?), /'(«), .... /**""*(«), in the several terms, is continu- 
ous for the interval (a, 6), by hypothesis. 

The constant. A, since it may be any constant you please, may be 
so chosen that F(x) shall vanish when we put xz=a: then we should 
have, 

(2) F{a) =/(6) -/(a) - (6 -a)f'{a) - ^±=^f"(a) — 

(6 — a)«-»^^_j (^) _^^ (6 — a)» = 0; 



• • • 



(n — 1)! 
if we take 



^> = (6:r^ [/(^) -/(«) - (^ - "■) /' («) - ^^T^V'(a) 



• • • 






(live to ^, in (1), the value Ai thus found, and we shall have 

F{a) = and F(b) =: 0. 
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Hence, by Rolle's Theorem, § 43, the derivative of F{x) must vanish 
for some value of x within the interval (a, 6). 

Differentiating (1), and putting ^ = ^^ in the result, we readily 
see that all the terms of the right member will vanish by cancellation, 
except the last two ; that is, 

(3) F'(x) = -^^^^^f(x)+nA,(b-x)''-^ 

= (6-a.)->[«.l.-^^^-i^/.(a.)]. 

Since this result must vanish for some value, a^i, between a and b ; 
and since the factor (6 — a;)**~^ cannot vanish when x is between a 
and b ; we must have 

(A\ nA -^^^^^ -Q • or A ~> ^(^^> 

where a<^Xi<^b. 

Now equate the values of A^ as obtained from eqns. (2) and (4) ; 
and we get 



(« — 1)!-^ WJ- „, 



Multiplying (5) by (& — a)" and transposing, we get the following : 
(6) f(b) =f{a) + (6-a)/'(a) + ^^~"^V («) + 

^'■/-w +■■■•+ ^;^^V' «■) + 



n! 



Form (6) is obtained on the hypothesis that /(a?), etc., [see con- 
ditions a) and )8)] satisfy certain conditions for the interval (a, b). 
Suppose, now, that x belongs to the interval (a, b) ; then the inter- 
val (a, x) will be contained in the intei*vn.l (a, b) ; and conditions a) 
and p) will be fulfilled for the new interval (a, a?), a <^ a; <^ 6 ; so 

that we should get from (6), on replacii^ b by «, the form : 
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(7) f{x) =f(a) + (x-a)f{a) + (^Z^V'(a) + 

(x — a)* 

Again, the interval (a, 6), a<^x<^b, is contained in the interval 

(a, 6) : therefore result (6) holds true for this interval (a:, b) ; and, 
replacing a by a: in (6) gives the form, 

(8) f{b) =f{x) + (b-x)f(x)-\- ^^~''^' f'{x) + 

^^/■"W + ■ ■ ■ ■ +'i^y>' « + 

{b — xy. 



nl 



/"(«i), a<a;<a;i<6. 



Finally, we may represent the difference, b — a:, in (8) by A ; that 
is, b — x=:h. Then b=x-{- h^ and x<^Xi<^x-\~ h: and it fol- 
lows from this inequality that Xi=z x-\~ 6h where $ = some proper 
fraction ; that is, <^6<^1. 

Substituting these values in (8) we get theorem I, which was to 
be proved. 

Forms (7) and (8) are merely different forms of I. 

If f(x) is sucli a function that conditions a) and fi) are fulfilled 
when n is indefinitely increased^ then we get from I the series^ 

(9) /(«+*) =f{x) + hf^x) + ^/'(x) + |^/"'(a') + 

If xzziXq is a fixe(¥ value of sc, (9)* becomes 

(10) /(a;, + h) =/(«,) + hfix,) + |^/"(«o) + ^/"{O 

1^ • • • • • 

Series (10) is a power series in h; and its convergence may be 
tested as shown in § 49 ; or it may be tested by examining the limit 

of the remainder 

A* 
R^ = — .r* (a?o + ^'0» when n = x) . 

If lim^^ = 0, the series is convergent, 
n = 00 
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Series (9) is called Taylor's Series, Two other fonns of the series 
may be obtained from (7) and (8). Each form has its advantages 
for different problems. 

Exercises. 
1. From /(a) = cos*, obtain /(a; -\- h) = cos (x + h) in the form of a series. 

Solution. If /(«) = cos as, then /' (x) = - sinx, /" (») = - cosx, /'"(«) 

= sin 2,/"" (x) = coBz, etc. It is obvious that the next four derivatiyes will 

be a repetition of the first four ; and that the succeeding deriyatives will only 

repeat, in endless succession, the same four ralues. Now, both sinx and cosz 

are continuous for all finite yalues of z ; hence /(x) = cosx and all its deriyatiyes 

satisfy conditions a) and /3) for deyelopment by Taylor's series. Substituting 

in I we get 

ji% ^1 }^'i 

(a) cos (x+ h) = cosx — hainx — ^r-r cosx + ^-r sinx + 7-1 cosx 

— -=-: SmX — ^-: COSX + . . . . 

6 1 ! 



r, h* h* h* -1 



The two series in the square brackets are conyergent for all finite yalues of h 
[see exs. 2e and 2/, § 49] ; hence this series for cos (x + h) is convergent for all 
finite yalues of x, as well as for all finite yalues of h, 

2. From/(x) = sinx, obtain sin (x + h) in the form of a series. Show that 
it is conyergent for all finite values of x and of h. 

(a) sm (x + *) = smx [} - 2] '^ Tl ~ 61 '^ J 

+ cosxL*-^ + -j-^ + ....J. 

8. From /(x) = ofi , obtain the expansion of (x + hy . Show in this case 
that there cannot be more than 9 terms in the expansion. 

4. From /(x) = e*, obtain e*+* in the form of a series. Show that it is 
convergent for all finite values of x and h, 

6. From f(x) = \ogg X, obtain log^ (x + h) in the form of a series. . 
[Note. In this example both x + A >> and x >> 0]. 

(a) log, (x + A) = log.x+---^+-^-j^+ 



CHAPTER XX. 

THE BINOMIAL THEOREM AND SERIES. 

62. THE BINOMIAL THEOREM AND SERIES. 

The binomial rule for finding the development of (aj-|-^)** is 
rigorously proved in elementary Algebra only for the case of w a 
positive integer. By means of Taylor's Theorem and Series it may 
be established when m is any constant^ provided x and h are so 
chosen that the resulting series shall be convergent. 

Let f{x) =«"*, where m is any constant; it is required to find 
f(x + h) = (x + hr. 

The successive derivatives of x^ are 

f{x) = mx"^-^ , f'(x) z= m (m — 1 ) sT-^ , 

f"\x)z=zm{m—l) (m — 2)af-^ , 

(1) /*(«) =m(m— 1) (m — 2) . . . . (m — n + 1) ««-*; 
where n is always a positive integer. 

Case I. Suppose m a positive integer. 

In this case n will ultimately equal m, in (1) ; and we get, when 
n z= m, 

(2) fix) =/"•(«) = m(m—l) (m — 2) . . . . 3 • 2 • 1 = m! 
Whence .Z^"*"^ (a?) = 0, and all higher derivatives vanish. The differ- 
entiation closes with the m** derivative; and both a?"* and its m 
derivatives, are continuous for all finite values of x. Substituting 
in Taylor's Theorem, § 51, I, we get 

(3) (a? + A)"* = a^ + ma^-i h + ^^^'iT^^^ af-^/i^ + 

3 ! m ! 

This we shall call the Binomial Theorem. It is the ordinary 
algebraic form ; and is valid for all finite values of x and h^ and for 
all positive integral values of m. It contains m -(- 1 terms. 
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Case II. Suppose m is not a positive integer. 

In this case n and m, in equation (1), can never be equal ; so that 
the differentiation of of* can be continued indefinitely ; or, the deriv- 
atives are unlimited in number. 

Now, let an interval (a?, x-\~h) he so chosen that af^ and all its 
derivatives, are continuous in this interval : then we get, from 
Taylor's Series, §51, (9), 

(4) (a; + /i)"* z= a^ + mx""-^ h + ^ ^^~ ^^ ««-« h^ + 

^(^_inm-2)^:,^,^ 

We shall call this The Binomial Series. It is a power series with 
respect to h. Finding its test-ratio we get 

(5\ liin r •% + ! "I -- Hm r rn — n h "j 

_.^ lim r«~^"| =:_^. 
a:«=«>Ll+-J ^' 

The negative sign in the result (5) shows that, when h and x have 
the same sign, series (4) is alternating after the term in which n^m; 
and that when h and x have opposite signs, all the terms of (4) will 
have the same sign after the term in which n ^ m, 

A) Suppose h <^x, or h^ x. 
Since lim ['^^±^1 z= — - , [see § 49, IX,] 

series (4) will be convergent when h<^Xj and divergent when h^x, 

B) Suppose h=z — X. 

In this case ^™ 1^^^^^ I = 1 - an<i we must use test VI, of § 49. 
We get 

which shows that, when h =: — x, series (4) is convergent if 
m-|-l>l, orm^O; and divergent i/ m -|- 1 <^ 1 , or m <^ 0. 
The series is, obviously, convergent if m = 0, 

* Test YI applies, since we have shown that when h= — x the terms of series 
(4) will all have the same sign after n > m. 
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C) Suppose h = X. 

U h := X series (4) is alternating. It will be convergent, by test 
VII, § 49, when the terms uUimaJtely decrease corUinvxdly in numerical 
value^ and approa/ih the limit zero. 

We find the terms w^_i and u^ to be, 

m m — 1 m — 2 m — 3 m+2 — n 

m m — 1 m — 2 m + 2 — n m + 1 — n _ 

(8) u^=z- — -— — ! ! . aj*; 

^ ' 1 2 3 n — 1 n 

whence 

(9) "^--"^^ "*"-*• 

From (9) it is evident that : — 

o) If m<^ — 1 the numerical value of — — will be greater 

than unity for every value of n (n being a positive integer) ; and 
that the term u^ is, therefore, numerically greater than the term 
u^^i always ; that is, the terms of series (4) increase continually. 
Hence, the series must he divergent if m<^ — 1. 

P) If m:=L — 1, then w^ = — w«-i • hence, the terms of series (4) 
will be numerically equal, but opposite in sign. [Such a series is 
called an oscillating series.] 

I7i this case (4) is divergent, 

y) If m^ — 1, — — will be numerically less than unity 

when n}> — ^^ : hence, provided m> — 1, w»<C^«-i ^or all 

values of n > — ^^ ; and the first condition of test VII, § 49, is 

satisfied. To show that the second condition is also satisfied, viz. 

lim w^ = 0, we may put (8) in the following form : 
n = 00 

, ^, , ,^ — m 1 — w 2 — m 3 — m 

(10) u,= ^-XY- ^ 3 —. 

n — (m-|- 1) 



• . . . 

n 



acT 



=(-»-0-^)(-^)('-^) 
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Since m]> — 1, m-|-l>0; and, by X, § 49, the infinite prod- 
net in the right member of (10) converges to the limit zero when 

n == 00 ; hence, lim u^ = 0, and condition (ft) of test VII, § 49 is 

n = OD 

satisfied : and aeries (4) is convergent when hz=,x and m > — 1. 
To sum up : we have shown that the binomial series, 

(11) (a? + A)- = aj* -I- ma?"-i A + m{m—l) ^_a^, _|_ 



• • • • 



a) is divergeiU if h is numerically greater tJian x ; 

h) is eov>^ergent if h is nutnerically less tJian x; 

c) is convergent if hz= — x and m > ; 

d) is divergent if h=z — x and m<^0; 

e) is divergent if h=ix and m < — 1 ; 
/) is convergent if h=zx and m > — 1. 

It will be evident upon examining the foregoing, that h and x may 
be interchanged from beginning to end of the demonstrations ; that 
is. by regarding h as variable, we might have treated the function 
/( h) = A"* for the interval (A, A + a:), and have obtained a binomial 
series for f(h'\^x)z=z (A-|-a;)"', arranged in ascending powers of x 
instead of h. We should have then 

(12) (h + x)"^ = h^ -^ mh"^-^ X + "^ ^'"V^ ^^ h^-^ x* + 



rn(m-l)(m-2)^^_^^_^ 



3! 

The conditions of convergence, a) to/), above, will apply to 
series (12) if we interchange x and h in them. 

It follows, then, that (x-j- A)**, wJien m is not a positive integer j 
can be developed in a converging power series for all cases when h and 
X are not equal. For example, if A <^ a; we should develop in the 
form (a: -|- 7i)*" =^ of -\- m af"""Vi -|- etc., by (4) : but, if x <C^h^ it 
may be developed in the form (7i -|- a?)"* = A™ +m h*^~^x-\- etc., 
by (12). 

A very useful form of the binomial scries is obtained by putting 
^ = lin(12). We get: 
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(13) (i + xr=l+mx+ '^^'^^-^K ^ + 

m(m— 1) (m — 2) ^, ^ 

Series (13) will be divergent if x is numerically grecUer than unity; 
convergent if x is numerically less than unity ; convergent or divergent 
when 05 = 1 according as m'^ — 1 or m <^ — 1 ; convergent or diver- 
gent when x= — 1 according as m ^ or m <^ 0. 

Exercises. 

1. Obtain the following series : 

[^convergent if — 1 -< a; -< 1] ; 

[convergent if — l^aJ^l]; 

[convergent iZ + l^as^ — 1]; 

d) (1 4- x)-* .- 1 - 2x + 3a;* - 4 j« + . . . . , 

[convergent if — I '^X'^1']. 

2. Obtain the series for the integrals given below from the proper series 
of Ex. 1 : 



«) f(il-x*)^dx = x-l'^- 



l x^ 1 . 1 X* 1. 1 . 3- X 



2 3 2.4 5 2.4.6 7 
[convergent if — l^a^^l]; 



rx C. .x I ^ 1 «■ 1 . 3 x» 1 . 3 . 6 xV 

[convergent if — l-<x-<l]; 

X 

[convergent »/ x >• 1]. 



CHAPTER XXI. 

MACLAURIN'S THEOREM AND SERIES. 

63. MACLAURIN'S THEOREM AND SERIES. 

This theorem is merely an important special case of Tayloi^'s 
theorem. Form (7) of § 51 will furnish the expansion of f {x) for 
an inter^'^al (a, x) when f(x) and its first n derivatives satisfy the 
conditions a) and P) at the beginning of § 51. Now, a is a con- 
stant, and it may have the value zero ; that is : — 

li f{x) and its first n derivatives satisfy the conditions a) and p) 
of Taylor's theorem in the interval (0, ar), then /(a?) may be ex- 
panded by (7), which takes the form, 

•(1) f{x) =/(0) + xfm + ^/"(O) + ||/"'(0) + . . . . 

where x^ :=. Ox^ or <^$x<^x, 

af 
Form (1) is known as Maclaurin's Theorem. The term — /" (Ox) 

is called the remainder : it is the (n + 1 )'* term, and may be denoted 
byi?,. 

If f{x) and its first n derivatives remain continuous in the 
interval (0, x) when n is indefinitely increased^ we get from (1) 
the series^ 

(2) f(x)=m + xfXQ) + 1-'/"(0) + 1-/"(0) + fJ/""(0) + . . . 

This is Maclaurin's Series. It is a power series, and it may be 
shown to be convergent or divergent, either by the tests of § 49, or 

♦ The symbol / (0) represents the value of f{x) when jc = 0; 

/'(O) •* " f'{x) •' x = 0; 

.i .. /' (0) *' " /"W *' a; = 0; 
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by examining lim R^. It will he convergent if Urn i?^ =z ; for, 

n z= CD 91 := 00 

then, the error caused in taking the sum of the first n terms to 
represent the value of the series, can be made arbiti'arily small by 
taking n sufficiently great. 

Eosample, 

Develop /(x) = a" into its power series. 

We get readily, f'{x) = a* log a, f"(x) = a* log* a, f"'(x) = a* log* a . . . ; 
whence, /(O) = a« = 1, /'(O) = loga, /"(O) = log*a, /'"(O) = log* a . . . . 
Substituting in Maclaurin*s series, we get : 

(3) or = 1 + aloga H g-j 1 ^ — H j^ ]- 



It a = e = 2.71828 loga = 1 ; and (3) gives ; 

(4) e'=i + x + ^ + f + ff+ 

Series (3) cmd (4) are convergent for all finite values of x. 

Exercises. 
Develop the following functions into their power series as g^ven : 

X* X^ X* X* 

[ Convergent if — <» -^ i -^ oo] ; 

X x^ x"^ 
2. sinx = i-_ + --_+ 

[ Convergent if— od ^x-^co']; 

[ Convergent if — od^oj-^ oo]; 
1 ,, N 0? x^ X* x* x* . 

[^Convergent if — 1-^x-^l]; 

X* X^ X^ X* 
5. log (1 - X) = - X - y ----- y , 

[ Convergent if — 1-^x-^l]; 

. - 1 x' 1 . 3 X* 1 . 3 • 5 x' . 
6. «n-»x=x+-- + 2^-+2-^-gy-f- 
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7. tan->.= »--^ + ---+-- 

[Convergent if — l-^x-^l]; 

8. «** = 1 H- Ax 4- -pT- + -qT" + -ji- + . . . . , k = any congtantj 

[ Convergent — » •< a? < »] » 

y. e~** = 1 — «x + — j —^ — I — 21 .... , ft = any eonstantt 

[ Convergent if — «> •< a? •< »] ; 

10. sinftx = ftx ^ H — — — T- + . . . . , ft = any constant^ 

[ Convergent if — oo .^ x ^ oo] ; 

11. cos ft X =1 —^ — I — j-j ~^\ — I- • . . . , ft = a/ny constantj 

[ Convergent if — oo ^ x -< oo] . 

12. ChaDge ft to ft>/— 1 = ft t in Exs. 8 and 9 ; reduce the results by using the 
formulae **"•= 1, i*^ + ^ = i, t4« + a z= — l, and i*«»+8 = — », w = any integer; 
then, substitute from Exs. 10 and 11 ; and we get : 

o) «*** = cosftx4- isinftx; b) c— •** = cosftx — I'sinftx. 

If ft = 1, a) and h) become : 

e) «*« = cosx + tsinx; d) e~*' = cosx — tsinx. 

♦From c) and d) we get: 

e) cosx = 2 ; /) smx = ^ 

e^ — e — "^ c* -f- e — ^ 
13. The expressions, and , are called, respectively, the 

hyperbolic sine and hyperbolic cosine of x; and are abbreviated to sinkx 
and coshx. 
t Show that : 

gr^ g — * /p3 /pft ij7 

o) sinhx = = x + — + — +'—^ + ; 

e^ + «— * X* X* x* 
6) co8hi=-^ =x+ _ + _ + _+ 

[J?o<fe convergent if — oo .^ x < oo.] 

* Expressions e) and /) are exponential values of the circular sine and cosine 
of X. Compare them with the exponential values of the hyperbolic sine and 
cosine of x defined in Ex. 13. 

t Compare a) and h) with Exs. 2 and 3 above. 
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14. Using a), 6), c), and d), of ex. 12, prove the following : — 

a) (cosa? + tsinoj)* = (e*^)* = «*** = cosA^x + tsinA;^; 

b) (cosa; — tsina;)* = («"*')* = r-*** = coskx —iainkx. 

These results are known as De Moiyre's Theorems. They may be used in 
calculating the roots of numbers. For example, we may find the three cube 
roots of unity as follows : 

1 = cos2A;t + tsin2A;T , A; = 1, 2, 3, 

.'. -vl = [cos2A:ir + %Bm2k'iry 

2k'ir . . 2kir u t? i.i 

= cos — h tsm — -— , by Ex. 14, a. 

o <J 

If k= 1 we get, 

i/~[r= COS ^ + t sin ^ = cos 120° + tsin 120° = - i + ^ ^. 
If A; = 2 we get, 

-yi = COS 5^ + tsin i^ = cos 240° + tsin 240° = - i - | ^. 

If fc = 3 we get, 

N/r= co82ir + t8in2T = cos360° + tsin 360° = 1. 

Putting A: = 4, 5, 6, and so on, will not give any new value of ^^1 ; but will 
repeat the three already found. 

15. Find the four fourth roots, and the five fifth roots, and the six sixth 
roots of 1, by using Ex. 14, a). 

16. Find the three cube roots, and the four fourth roots, of — 1, by using 
Ex. 14, a), having given, 

— 1 = cosA^T -f isinA:ir , A: = 1, 3, 5, 7, 

17. Find 

/sinx<£x TsinzcZx CcoBxdx . CcoBxdx 

-V-' J-^-' J— ^ ""^ J^i-. 

from Exs. 2 and 3. 






CHAPTER XXII. 

COMPUTATION OF NUMERICAL TABLES BY MEANS OF SERIES. 

64. COHPUTATION by MEANS OF SERIES. 

' A divergent series can not be used for computing. Convergent 
series alone may be so used ; and it is desirable that the series should 
converge rapidly^ — that the * sum of the series should be obtainable 
correctly to four or five decimal places from a small number of the 
first terms of the series. When a large number of terms have to be 
reckoned in order to secure a close approximation to the sum of the 
series, it is said to converge slowly ^ or, to be slowly convergent, 

A. Calculation of Inisey e. 
In the series, 

(1) ^=i+x + ^ + ^ + ^+.... [See (4), § 58], 
put X = 1, and we get, 

(2) e=l + l + i^ + ^ + i^ + i^ + 



. . • • . 



Reckoning the first sixteen terms of (2) we get 

6=2.71828 18284 69 

Exercises, 
1. Find from series (1) : 

a) e*=l + 2-\-^ + ^+ = 7.38906 ; 

J) y;=i+» + _±. + _^+.... =1.64872.... 



2. Compute the hyperbolic sine and cosine of unity from the series in Ez8« 
18 a) and 18 b) of § 58. 

Ans, sinh 1 = 1.1752 • • • • ; cosh 1 = 1.5431 • • • • . 

* By 8Ufn of the series we mean : tJie limit of the sum of the first n terms as n 
is indefinitely increased. Only convergent series have a sum. 
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B. Calculation of ir. 
Putting x=z^\n the series for sin ~'^x (see ex. 6, § 53) we get : 



(3) 






Series (3) converges rather slowly. A much more rapidly converg- 
ing series may be found by using the series for tan ""^o? (see Ex. 7, 
§ 53) as a basis, and deriving a new series, as follows : — 

Putting, successively, x=z ^ and x =z ^ J^ in the series for tan "T^a;, 
we get : 

(4) a = tan 1- = -- ^^3 + ^-^, -^-^, + 

(5) ^ = tan-i-l-=-L_ 1 + 1 



a . • 



.... 



239 239 3(239)« ' 5(239)« 

Since tan a =z ^ and tan p = ^^, we may obtain by trigonometric 
reduction, 

/c\ +« /A o\ tan 4 a — tan )3 

(6) tan(4a-^) = 3^-^^^^-^^ = l. 

IT 

Whence, 4 a — fi =z tan~^ l=z -; and we find, from (4) and (5), 

(7) ^ = 4a-^ = 4[--^^ + ^^,-y^,+....] 

_rj ?-+-i 1 

L239 3(239)» ^ 5(239)» J ' 

_ 16 r 4 _42 48^ -1 

(8) .-. T- 5 [_1 3.IUO "^" 5^100'2 7-100*"'" J 

__!. n L_ 4. L_ _ 1 

239 L 3(57121) ^ 5(57121)« J* 



1. Find T to three places of decimals, using, first, series (8) and then serieft 
(8) so as to compare the rapidity of convergence in the two series. 

• Ans. T = 3.14169 26635 89793 

» ■■ ■ ■ ■ ■ ■ ■ ■ » ■ I I ■■ ■■■ 1^ 

* The result is given to fifteen places for reference merely. 



131 [§ 54 

C Calculation of Sines and Cosines. 
In the series for sin a; and cosx, of Exs. 2 and 3, §53, put 

a =: — ; and we get : 

,-, . -k-K , w fc»/,rV , *»/ir\» 

(9) 8xn- = *---y +_y _.... ; 

(10) COS ^ = 1 - ^ 



[V2J + 4!V2J 



The numerical values of the coefficients of the powers of k can be 
computed, once for all, and substituted in (9) and (10). We thus 
get: 

(11) sin -^ — 1.67079 683 * — 0.64596 410 &• 

+ 0.07969 263 A;« — 0.00468 175 A:' 
4- 0.00016 044 A;» — 0.00000 360 A:" 
+ 0.00000 006 A;i»— . . . . ; 

(12) cos ^ = 1.00000 000 — 1.23370 055 A;« 

+ 0.25366 951 A:* — 0.02086 348 A;« 
+ 0.00091 926 A;8 — 0.00002 520 A;^® 
+ 0.00000 047 10^— 0.00000 001 A:" 
+ 

I • • • • • 

Since it is not necessary to compute the functions of angles larger 
than 45®, or j, the A: in (11) and (12) needs to be taken only from 



Otol. 




T^ A:ir IT iO I. 1 T# ^'^ 

^^2 180 ^ ' ^ 90 • ^^ 2 


IT 


10800 


A:ir__ Tt _ 1 




2 ~ 60-60-180 ■" ' ■" 324000 ' 





= 1' , A: = 



5400 



In constructing a table of natural sines and cosines for angles differ- 
ing by 10', we might proceed as follows : — 

If ^ = 10', A: = ^. Substituting A; = -i- in (11) and (12) we 

find, 

sin 10' = 0.00290 888, cos 10' = 0.99999 577. 
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Then, using the trig, formulae for sin (a-f-)3) and cos (a + )3), 
we get, 

sin 20' = 2 sin 10' cos 10', cos 20' =1 — 2 sin^ 10'. 

In like manner* 

sin 30' = sin (20' + 10') = sin 20' cos 10' + cos 20' sin 10', 
cos 30' = cos (20' + 10') = cos 20' cos 10' — sin 20' sin 10' . 

So, step by step, the entire table could be formed. 
The other trigonometric functions may he computed from the sines 
and cosines. 

Exercises, 

1. Compute the following by using series (11) and (12). 

o) sin 5' 10" = 0.00150292 ; c) sin 18° = 0.30901700 ; 

h) cos 6' 10" = 0.9999988 ; d) cos 18° = 0.96105661. 

D. Napierian^ or Natural^ Logarithms, 

The base of Napierian logarithms is the number, e = 2.7182818 
. . . , , — called,, simply, "base." Its value is obtained from the 
series (2) of this section. 

A rapidly converging series for computing loganthms may be 
derived in the following manner: — 

(13) * logi±^ = log(l + a:)— log(l— aj), [by theory of 
logarithms] . 

Substituting in (13) the series for log (1 -(- a:) and log (1 — oS) 
[both of which are convergent if — 1<^^<C.1] ^^^^^ Exs. 4 and 5, 
§ 53, we readily find, 

(14) iogi±| = 2[. + ^ + ^ + ^ + ....]; 

which is easily shown to be convergent if — 1 <^ a; <:^ 1. 
Now, put j--| = ^, ; whence, x = ^~^, • 

* When the base is not indicated, is to be understood in this book. 
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N — N' 
An inspection of the result x = ^r=r-. — ;^^, will show that the con- 

ditiorij — 1 <[aj <^ 1, loill be satisfied if N and N^ are any two 
positive numbers whatsoever. Substituting in (14) we get : 

(15) log ^, = log N- log N' = 2 l^-^, + - (^,^,) 



1 / jsr—N' y -| 



and 



+ 5 

Series (16) is convergent for all positive values of N and N' : and 
it is always possible so to choose N and N' as to make it convei^e 
rapidly. 

Putting ^=2 and N' =z 1 we get (since log^':= log 1 = 0, 

(16) logi^=log2 = 2[i + i.i.+ J. 1^+^.31,+ ....] 

= 0.69314 718 

I^ — I^' 1 
Putting ^=3 and N^ = 2, we get ^ , , = ¥ » *"^^» ^^^^ (l^)i 

(17) log8 = log2 + 2Q + i.L. + J.i.+ ....] 

= 1.09861 229 

It is necessary to compute, by series, the logarithms of prime num- 
bers only. For example, 

. log 4 =r log 2« = 2 log 2 = 1.38629 436 ; 
log 6 = log (3X2)= log 3 + log 2 = 1.79175 947. 

Exercises. 

1. Compute from series (15) log 5 and log ] 1. 

Ans. log 6 = 1.60943791 ; log 11 = 2.39789627. 

2. Compute log 24 and log 660. 

Ans. log 24 = 8.17805383 ; log 660 = 6.49223984. 
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E, Briggs's, or Common, Logarithms. 

The base of Common loganthms is the number 10. The relation 
between the Napierian and common logarithms may be shown as 
follows : — 

Denote the common logarithm of the positive number -^ by a? ; that 
is, logio -^= a;. We get, then, 

J\r = 10^ ; and, . • . log.-^ = log. 10' = x log, 10 . 

Whence, 

(^^> «^=|^ = Mlog,J^=log,oi^. 

The multiplier M = ,— i— = 0.43429 44819 . . . . , 

log. 10 

is called the Modtiltis of common logarithms. 

Multiplying series (15) by M, and ti'ausposing, we get, 

(19) log„i^= log..J^^'+2M[^^-p3^, + i [j^,^,) +...]; 

since M log.JV= logio-^, and M log.-^'= logio^', by (18). 

Common logarithms may be computed either directly from series 
(19), or by using a table of Napierian logarithms. 

Exercises. 

1. Compute logjo 2 = 0.301030 by both methods. 

2. Given log 65 = 4.174387, compute log^o 65 = 1.812918. 

65 

3. Compute log,, 0,65 = logj. ^7^ = log„65 — log^^lOO = 1.812913 by 

JUvr 

putting iV= 65 and N* = 100 in series (19). 



CHAPTER XXIII. 

DEFINITION OF THE LENGTH OF A PLANE CURVE: COMPU- 
TATION OF LENGTHS, AND DIFFERENTLA.L OF LENGTH, IN 
RECTANGULAR COORDINATES. 

66. DBFINITION OF THE LENGTH OF A PLANE CURVE. 

Tlie length of a straight line is the number that expresses how 
many times the line contains the linear unit. This number must be 
found either by direct superposition of the linear unit — as when the 
carpenter measures a beam by end to end applications of his foot-- 
rule ; or by more complicated operations which are developed from 
superposition — as, in a continental survey, when a system of tri- 
angnlation is based upon the exact measurement of one or more level 
lines by end to end applications of a straight measuring bar. 

The length of a series of connected straight lines is the number 
that expresses the sum of the lengths of the lines. For example^ the 
penmeter of a polygon of n sides is the sum of the lengths of the sides. 

No straight line can be superposed upon a curved line, or curve ; 
since no straight line can coincide with a curve, except at one or more 
isolated points. This fact makes it impossible to measure curves as 
straight lines are measured ; and makes it impossible, therefore, to 
define "length" for a curve in the same way that length is defined 
for a straight line; since a definition of ^^ length of a plane curve" 
must be the basis for measuring the thing defined. 

To define '' length of a plane curve " we must use the notion of a 
limit. For example, the circumference of a circle is defined as fol- 
lows : — (1) The inscribed and circumscribed regular polygons of n 
sides are drawn about the circle ; (2) it is shown that if n increases^ 
the perimeter of the inscribed polygon is an increasing variable which 
remains always less than the perimeter of the circumscribed polygon^ 
while the perimeter of the circumscribed polygon is a decreasing 
variable, always greater than the perimeter of the inscribed polygon ; 
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(3) that the diflFerence between two corresponding inscribed and cir- 
cumscribed perimeters approaches the limit zero when n increases 
indefinitely, and, therefore, the perimeters approach a common limit ; 

(4) and, finally, this limit is defined as the length of the circumference 
of the circle. 

[See Chaiivenet's Geometry, revised edition. Book V, Prop. VII.] 
In an analogous way we may define the length of a given plane 
curve as follows : — 

Take an arc whose end points are A and B. [See Fig. 27.] Let 
it be divided into n pai*ts, which may be equal or not. Draw the n 
successive chords of the smaller arcs, joining A and ^ by a broken 
line. [We may call the figure formed by the chords, an inscribed 
polygon of n sides; although it will not be a closed polygon unless 
the points A and B coincide.] Then, let n be indefinitely increased 
in such a way that each of the n arcs is indefinitely diminished. The 
perimeter of the inscribed polygon has a definite value for every value 
of w. Moreover, it obviously varies with n. Then, we say that : — 
If the perimeter of such an inscribed polygon approaches a limit j when 
n becomes infinite^ this limit is the length of the curve. 

We shall prove in § 66 that, under certain conditions, this limit 
exists; and shall derive a general method for calculating it — a 
method based on anti-differentiation, as was the method of calcu- 
lating areas given in § 33. 



66. CALCULATION OF THE LENGTH OF A GIVEN CURVE. 

Let the given curve be the locus of a function y=zf(x); which, 

dy 
together with its first derivative, == /'(«), is single- valued and 

a sxy 

continuous throughout the interval (a, 6). It is required to find the 

length of the arc AB (see Fig. 27). 

Let OMq =z a, and Oitf„ = 6, be the abscissae of A and B. Divide 

b — a 
the length b — a into n equal parts, each equal to z=z ^x=z MN; 

and draw ordinates through the points of division. Draw the n 
chords A Pi, A^» ^Q? etc., through the points of division of the 
arc AB, These chords form an unclosed polygon, whose perimeter^ 
limit, when w = oo, is the length of the arc AB, by definition. 
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Take any chord, PQ, whose end points are (x, y) and (» + Aa?, 
y -f- Ay). Then PR = Aa5, RQ=z ^y ; and we have, 



(1) 



P(2=VAx«+Ai,« = Jl+^^yAir. 



Aw 
Now, the i-atio -—-^ in (1) is the slope of the chord PQ ; and this is 



Aa; 



[by the Law of the Mean, § 44, Ex, 3] equal to the value of the 
derivative, /'(^)» at some point between P and Q. Represent the 
value of X at this point by f ; then, 

A.y 



(2) 



Ao; 



= /'(f)i where x<^^<^X'\- ^x . 



Remembering that Aa; = dx (§ 22), and substituting in (1), we get, 

(3) PQ=:Vl + [/'(f)]2da;. 
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An expression of the same form as (3) can be found for the 
length of each of the n chords, or sides, of the inscribed polygon. 
The sum of the n expressions like (3) will represent the perimeter 
of the inscribed polygon from A to "B. This sum may be denoted by 
2PQ. Then we shall have, for the length of the arc AB, 



(4) 



lim %PQ= lim S V 1 + L/(f;]»da5 



n = CO a 



n = 00 o 
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The summation expressed in the last member of (4) relates to the 
variable x : and x is to increase from a to 6 by taking, successively, 
the n values a, a -|- dx^ a -|- 2dx, a -|- Sdx, .... ,6 — dx. 

But f must take n successive values, f i, fgj fsi • • • • ? f«5 such that 
a<fi<a + da;<^2<« + 2<ia;<f8<a + 3daj< .... <f„_i 
<^6 — da;<^^^<^&. This follows from the definition of f given 
above in (2). We must now prove that the f in (4) may be re- 
placed by a; : in other words, we wish to prove that, 

(5) lim sVl + [/'(f)]«da;= lim ^^l + lf(x)Ydx , 



ft = 00 a 



n= <x> a 



when a? <^ f <^ « + dx. 

We may prove (5) as follows : — Let the cur\^e A'B' [fig. 28] be 

the locus of the function, y =z <f>(x) ^ V 1 -(- [/'(aj)]S from OMq =. a 

to 0M^= b. Construct M^M^ = M^Mo =z , , , . z=z = Aa;: 

n 

and let the abscissffi 0M\ 0M'\ etc., represent the successive values 
of $ ; each of which, by hypothesis, lies between two adjacent values 
of x. Then, the dotted ordinates, M'P\ M"P'\ etc., will represent 

the successive corresponding values of y =z <f>(()^ Vl -|- [/'(f) ]^' 




^\ Mo ATJI^ArMx 



Mi 



fty 



ric[.&8 . 



Construct the two sets of rectangles on the common bases, M^M^^ 
M1M2, etc., as shown in the figure. Call the rectangles that overlap 
the curv^e, the first set. These have the dotted lines for altitudes. 
Call those inscribed under the curve, the second set. They have the 



I 
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ordinates MqA\ M^Pi^ etc., for altitudes. Represent by V the sum 
of the areas of the first set; and by U the sum of the areas of the 
second set. 

The difference, V — U, is readily seen to be equal to the shaded 
portion of the rectangle CB' ; and, therefore, obviously, V — U <^ rect- 
angle CB'. Also, V > U, or V — U > 0. Hence, 

(6) < V — U < rectangle CB' . 

. But the base C D =: Ax^ of the rectangle CB'^ diminishes indefi- 
nitely when n = 00 ; so that lim [rectangle C5'] = 0. 

Hence, we have lim [V — U] = 0, from (6) ; and, therefore, 

n = 00 

(7) lim V= lim U. 



91 ^ 00 91 = 00 



But, V = S Vl + If'iOy dx ; and, 

a 

b . ; 

U = S Vl + [/'(^')]^^^ • hence, by substituting 

a 

for V and U in (7) we obtain (5), which was to be proved. 

But it has been shown in § 33, that lim tJ is the area under the 

n = OD 

curve AB' \ and that this limit can be found by anti-differentiation : 

in short, 

b 
a 

Combining (4) and (7) with this last result we get, 

" a 

This proves the length ^^ in fig. 27 to be determinate whenever 

the area under the curve y = Vl -|- {_f'(x)y is determinate : this 

area is determinate, by § 33, whenever the curve y = V 1 -|- {_f'(^)Y 
is finite, continuous and single valued from a to 6, inclusive. This 
curve is finite, continuous and single- valued, when f'(x) is single- 
valued and continuous from a to b. 

Hence ^ the length of the cwve y =zf(x) from x =z a to x =z b^ 
is determinate^ a^ccording to our definition of lengthy when f\x) is 
single-valued and continuous from a to b. 
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If we had treated y as independent variable throughout the fore- 
going investigation, and the equation of the curve had been expressed 
in the form xz=z <^(y), while the limiting values of y were a^ and 6i, 
we should have obtained the result, 



(10) 
for the length AB, 



/vi + [<^'(y)r%, 



a. 



57. DIFFERENTIAL OF LENGTH OF CURVE. 

Let y^=f(x) be the equation of the curve ^PQ in fig. 29. Call 
the length of the curve, measured from the fixed point A to the 
variable point P, s. Then, clearly, s is some function of the 
abscissa OMz=.x. We may find the differential of this unknown 
function of x (that is^ the differential of s) as follows: — 

Give to X the increment MN= A a?; then s takes the correspond- 
ing increment, Aszn arc PQ. 




Let the curve be such that there is no cusp, nor point of inflexion, 
between P and Q ; so that it lies wholly on one side of, and bends 
away from, its tangent PT. Then, assuming that the length of the 
arc PQ is greater than the length of its chord PQ; also, that the 
length of the arc PQ is less than the length of the broken line 
PT-|- QT; we have the following inequality: 

(1) ^{^xy + (^yr<As<:^/(Axy+(dyy + dy — ^y; 



since chord PQ = ^ PR" + RQ^, PT = VpW+^T^, and 
QT=ET—RQ=dy — ^y, [see § 22]. 
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Divide (1) by A a? = da;; and we get, 



(^) ^l^+(^0'<^^<>l'+(^«)'+^'-^^ 

In (2) the ratio -^ = tan RPT^ is a constant as Aaj = ; and 



^x^O\^x\ dx 



im r^n_ 

= oLAa;J 
It tone, M^,,^, ■!,« ^l™ J 1 + (^y = J 1 + (^y ; 

and, from (2), we find. 

Equation (3) furnishes the derivative of 8 with respect to x. From 
it we obtain, 

(4) d.= Jl + (gyd.= Vd^5+d?=Jn-(gydy; 

which is the differential of s. 

Equation (4) presents three different, equivalent, forms of the 
differential of 8, 

Using the second form we may express the two formulae (9) and 

(10) § 56 as one, viz. : 

b b 

(5) jds = jyJdx^-\-dy^. 

a a 

In this form, either x or y may be the independent variable ; but 
the limits, a and 6, must be chosen to correspond with our choice of 
independent variable. 

I. It is easy to prove from the foregoing that : — 

The limit of the ratio of an infinite8imal arc to its chord^ is unity. 
For, from fig. 29, and from above, we have. 



As 



.^, arcPQ ^^ ^a? 

(6) — 



chord P Q VA^^^Za^ 



J' + m 
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From this it is evident that, 

ds 

lim ['cdrcPQ''^ dx ds ds 

\ /dyy^ ^/da^ + dy^^ds 



/rj\ lim ^'^ ^ V ^^ t*» t*» - 



Exercises, 

1. Find the length of the straight line, y = mx+h, from a; = to x = a. 
Obtain it bj integration, and compare the result with the length fonnd bj a 
geometric method. 

2. Find the length of a quadrant of the circle, z* -\-y*= a*, 

S. Find the perimeter of the hypocycloid, x^ -\- y^ = a^ . 

Ans, tf := 6 a. 

4. Find the length of the arc of the parabola, 2' = 2py, from (0, 0) to the 
point (rci, yj. 

An.. - ,^ ^P-^TI^ + I log [^±^f±5] . 

5. Adapt the result of ex. 4, by interchanging coordinates, so as to give the 
lengt*h of an arc of the paraJfola, y* = 2px, from (0, 0) to (x„ y^), 

6. Find the perimeter of the segment cut off the parabola, y* = 27 af, by the 
chord through (0, 0) and (3, 9). 

Ans. 19.1152. 

7. Find the arc of the semi-cubical parabola, y' = a* ic*, from (0, 0) to (x, y). 

-••= If CO *&)'-']■ 

8. Find the lengths of the arcs of the cycloid, 

{a; = a (0 — sin 0) "I 
y = a(l - COS0) 3 ' 

from : (1) = to = 0i, (2) = to = ir, and (3) = to = 2ir. 

Ans, (1) 8 = iatl — cos |Y (2) s = 4a, (8) * = 8a. 

9. Find the length of the arc of the involute of the circle, 

{X = a (cos 4- sin 0) ^ 
y = a (sin — cos 0) J ' 

from = to = 01 . 

Ans, 8 = i a0i'. 



143 [§ 57 

10. Find the length of the arc of the catenary, y=pl6« + e~«l> from 



X = to 2 = 2. 

Ans 



11. Find the length of the arc of the ellipse, 

{X = a Birup I 
y =z bco8 4> } 



from ^ = to = 0. 





r. 8= a J -^1 — 



a*-b* 



An$. »=aj^l — e* sin* 4> d<f>, where e* = = 



« 



This can he integrated hy expanding */ 1 — e*sin*0 into a power series in 
e8in0, hy the hinomial series. The series will he convergent, since esin^ .^ 1 ; 
and can he integrated term by term. The result will give « in the form of an 
infinite series. 

imp 

If we integrate from = to = -, we shall ohtain a quadrant of the ellipse. 
Multiplying hy 4 will give the following series for the perimeter of an ellipse : 

. = 2ar [l - (i «)'- i(^ '')'- K^^6 «")'-•• ]• 

where e = - -vo*— J* . 
a 

An approximate formula for the perimeter of an ellipse, attributed to M. 
Barbarin, is, 

__ 4(a- by -f 2 irab^ 



8 



>/a* + i« 



12. Compute the perimeter of the ellipse, 9 x* + 25 y' = 225. 

A.ns, 25.6 

13. Find the length of an arch of the sinusoid, y = sin x. 



Ans, s = 2f' [1 + C08« x] * dx 



=-D + (i)'-«(H)'+'(H^)'--] 

= 3.819423 

[This series is alternating and converges slowly.] 



§ 57] 144 

* 14. Find the formula for the length of an arc of the epicycloid, 

^ • IN » fl + 6 

X = {a + 0) COS ip— cos — ^ — </> 

y = (a + 5) Sin — 6 sin — j- — 



Ans. s= ^ 1^008^^00- cos 2^ 0,J 



For a complete arch 0^ = 0, 0» = — ir ; and s = ^ 



a a 



15. Find the length of an arch of the hypocycloid, 

a — b 
X = (a — 5) cos 0+6 cos — — 

y =: (^a — b) 8m0 — 6sm — 7 — 






a 



* In Exs. 14 and 15 a = radius of fixed circle, b = radius of rolling circle, 
and = angle hetween x-axis and the line joining O to the centre of the rolling 
circle. 



CHAPTER XXIV. 

AREAS OF SURFACES OF ROTATION. 

68. DEFINITION OF AREA OF SURFACE OF ROTATION. 

By area of a rectangle we mean the namber obtained by multiplying 
the length of its base by the length of its altitade. The areas of all 
other rectilinear plane figures are measured by finding their equivalent 
rectangles. This is done by methods which depend in every case 
upon the possibility of proving the equivalence of surfaces by super- 
position. In defining and measuring the areas of plane surfaces 
which are bounded by curved lines, the method of limits is required* 
For example, the area of a circle is defined as the common limit of 
the areas of the inscribed and circumscribed regular polygons of 
n sides, when n is increased indefinitely. 

The simplest curved surfaces are such as may be generated by 
rotating a plane curve about an axis in its plane ; these are called 
Surfaces of Rotation* 

Certain areas of surfaces of rotation (sphere, cone and cylinder) 
are defined in elementary geometry : and we shall use the formulae 
for the lateral area of a conical frustum, as the basis of our treat- 
ment of surfaces of rotation. The formulse are the following : 

. (1) S = '!rlR+R'^L, 

(2) S=2irRL. 

In (1), R and R' are the radii of the bases, L is the slant height, 
and 8 is the lateral area of the frustum ; while, in (2), R is the radius 
of the circular section parallel to the bases and midway between 
them, L is slant height, and S is lateral area. 

Jjet U8 now define tJie area of the surface generated by rotating the 
arc AB {fig. 27, p. 137) about the x-aais. 
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Draw the series of ordinates, MqA^ M^Pi^ MP^ etc., whose dis- 

M M 
tances apart are all equal to Ax^ MN=i — LU?. join the suc- 

cessive points AP^^ A-P? PQt etc., by chords ; forming an unclosed 
inscribed polygon, AP^PQ . , , . B^ oi n sides. 

Rotate this figure once about the a;-axis. Each side of the poly- 
gon, as PQ, will generate the lateral surface of a frustum of a cone 
of rotation ; whose area is given in (1) and (2) above. Hence, the 
perimeter of the n-sided polygon, AP^PQ , , . . B^ will generate a 
surface, composed of n conical surfaces, which is defined for every 
integral value of w. 

If the area of the surface generated by the perimeter of the in- 
scribed polygon^ AP^PQ . . . . 5, approaches a limit when n is 
indejijiitely increased^ we shall call this limit the area of the surface 
generated by the arc AB, 

We shall assume that this area (limit) exists when the perimeter of 
the inscribed polygon Has a limit; and shall now proceed to calculate 
its differential element. 

Represent by F (the initial of Fldche^ German for surface) the 
area of a surface of rotation. 



59. DIFFERENTIAL OF SURFACE OF ROTATION. 

Let y = f(x) be the equation of the generating curve ; and suppose 
both f(x) and /'(«) are continuous and single- valued for the interval 
considered. Let APQ (fig. 29) be the curve. Take A a fixed point 
on it ; and let P be a variable point whose abscissa is OM=:x, The 
area, F, of the surface generated by the arc ^P is, manifestly, some 
function of 0M=: x: we wish to find its differential^ dF, 

Give 0M= X the increment MN= Ax. The arc AP will take 
the corresponding increment, As =i arc PQ : and arc PQ will gener- 
ate a zonal surface which will be the increment of F corresponding to 
Ax. Call the area of this zone AF. Then RQ= Ay^ RT=:dy^ 

NQ = y ^ Ay, NT = y + dy, PQ = VAa;« + Ay^, and 

PT='\lAx^-\-dy^. 
We shall assume that : 

(1) AP> area of surface generated by chord PQ\ 

(2) AF<^ sum of areas generated hy PT and Q T. In brief, 

(3) area PQ < AF <C^area Pr+ area Q T. 
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Now, areaPQ = w{_MP+NQ-\PQ 
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[by § 68, (1)] 



= w[2y+Ay'\ VA^+Ap ; 
area PT = w \_MP-\- NT^ PT 

and area QT = v (NT)' — ir (iVQ)« 

= ^ i(y + dyy — (y + 6.yy:\ 

= wl2y + dy-\-Ay] [dy — Ay] . 
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Substituting in (3) and dividing by A« ^ da;, we get : 



(4) . [2y + 4s] Vl + (H)' < ^< ' P» + <!»] X 

. v^T(iy+.p.+^»+Art(i-if). 

Since y'=. f(x) is continuous, both Ay and dy = when A a; 

dx ^ 0, and ^ l^T^ f ^^ = ^ • Hence, 
' AXs^sO^Aa?/ da; ' 



lim 
Ax 



lim 
Ax 






»dJl.[.(.» + ^» + A.,(^-^-||)]=0. 



59, 6o] 148 

It follows, therefore, that the first and last members of inequality 
(4) approach a common limit when Aa = ; and, hence, ^— , must 
approach the same limit. We get, therefore. 



whence, by multiplying by dx, [See § 22.] 

(6) dF=2iry\l + f^j dx=2iry ^ldx^-\- dy^zzi^iryds-, 

since ds = ^dx^-\-dy^, by § 57, (4). 

This is the differential element of the area generated by rotating the 
given curve^ y =z f(x), once about the x-aosis. 

If the rotation had taken place about the j^-axis, we should have 
obtained in the same way the result, 

(7) dF= 2irx^dx^-\-dy^= 2irxds, 

for the differential element of the area generated by rotating a con- 
tinuous curve once about the y-axis. 



60. INTEGRAL FORMULJB FOR AREAS OF SURFACES OF 

ROTATION. 

The differential element^ dF^ of the area, F^ generated by rotating 
the curve, y =zf(x)y once about the a;-axis, has been proved to be, 

(1) dF= 2iry'sldx^-\-dy^= 2irf(x) Vl + lf(x)Ydx. 

Tlie problem of determining the area, F^ generated by the arc 
between two fixed points, A and B, whose abscissse are Xq=. a and 
aj^zn 6, when dF is known, is identical with that of determining G\ 
in § 33, when dG \& known. We get, therefore. 



(2) F= lim l,2irf(x) Vl + [/'(«)]* da 



n = 00 o 



= 2^ Cf(x) Vl+[/'(x)Pda;; 

a 

from eqns. (8), (10) and (16) of § 33. 
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If the rotation takes place about the ^-axis and the equation of the 
curve is in the form x =Lf(y)^ the area generated by the arc from 
yo = a' to y, = 6', is, 

b' 

(3) F= 2x /7(y) Vl + [/'(y)r(fy. 
The most compact forms of F are, 

b 

(4) F=2w I yds, where d8=z y/da^ + dy^, 

a 

when the rotation is about the x-axis ; and, 





(5) F =: 2ir jxds, 



when the rotation is about the jz-axis. 

In either of these forms we may choose either x or y for inde- 
pendent variable, as may be most convenient for anti-differentiation, 
taking care to choose the limits of integration to correspond with 
our choice of independent variable. 

Formulae (4) and (&) can be used perfectly well in the case where 
the equation of the curve is given in the form x =/i(^), y =:/,(^) ; 
in which ^ is the independent variable. 

Eacample. 

If the curve i« y = '^a* — x' , we readilj get, 

J a 

dF=2ir ^a* — a^ / ^ ^ . dx = 2iradx. 

Whence, 

a a 

F=2iraCdx=2Tax = 2«-a« — (— 2ira*) = 4ira« ; 
— a —a 

which is the well known value of the area of the sphere whose radius is a. 
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Exercises, 

1. Find the area of the sphere from the equations \ ~~ . > • 

2. Find the area of the circular spindle^ generated by revolving the circle 
y = Va* — rc« _ c , c •< a, about O X, Compute the area when a = 8 and 

^n*. (1) F= iva lya* - c* - c8in-» (— ?5!ll^^J . 
(2) Jf= 275.466. 

3. Find the area of the ring surface generated by revolving the circle, 

y = b±^^a* — a^, a<^h, about OX. 

Ans. F= iir*ab, 

4. Find the area of the surface generated by rotating the pa/rabola, 
y'=2pxj about OX. Take the arc from a = to a; = a;. 



Ans. ^= ^ l_(P + 2x) ^p* -^2px-p\]' 



5. The axis of a parabolic reflector is 20 inches long and the focus is 4i 

inches from the vertex. Find the area. 

Ans. F=eS2rr. 

6. Find the area generated by revolving the ellipse, < Z ^ , ^.i ^hoxit 
(1) OXand (2) or. " 



Ans. (1) F=2wb*-{-2irab 



sin— * e 



e 
(2) F= 2ira« + irJ! - log 



1 — tf a 



7. What will it cost to cover an ellipsoidal foot-ball whose cross section 
through its axis, is the ellipse, 25 x* + SGy* = 900, at 2 cents per square inch? 

Ans, $7.14. 

8. Find the area generated by the four eusped hypoeycloid^ x^ + y^ = ^^ • 

Ans, F= -=- ira*. 
o 

9. Solve exercise 8, taking the equations, < " . « > • 

^ y = asin'0 ) 

10. Find the area generated by the catenary, y = e^ + e ^, from x = — I 

to 2= 1. 

Ans. 2ir[e + 2-«^»] = 27.3854. 

C 35 = a (0 — sin0) ) 
11. Find the area generated by the cycloid, < ,, ^( i ' 

i y = a(l-co80) S 



CHAPTER XXV. 

POLAR COORDINATES. 

AREAS AND LENGTHS OF PLANE CURVES: ANGLE BETWEEN 
RADIUS-VECTOR AND TANGENT r SUBTANGENT, SUB- 
NORMAL, TANGENT AND NORMAL. 

ei. PLAITS AREAS IN POLAR COORDINATES. 
Let the curve AB\a fig. 30 represent in polar coOi-dinates the con- 
tinuous function, r =:/($). It is required to define OTUi calctdate tht 
area bounded by the are P^P, and the radO-veclores OP^ and OP^. 



r/ct. 30. 

- ^$. Construct 

the two Bets of circnlax eectora, as shown, each having its centre at 0. 
Let V represent the sum of the areas of the overlapping sectors ; and 
U the som of the areas of the inscribed sectors. The diffei'euoe, 
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V — U, equals the sum of the shaded curvilinear rectangles, of 
which PBQS is one : and this sum is equal to the shaded portion, 
TP„, of the sector 0/'„_iP„. That is, V — D is less than the area 
of the sector OP^^iP^, which equals* ^rJ^AO; since the radius is 
OP^=:r^ and its arc is r^^O. 
It is evident, also, that V is greater than U ; hence, we get, 

(1) 0<V-U<K*A<9. 

Now increase n indefinitely. Inequality (1) will remain valid 

P OP 
however large n may be made. But lim A tf = lim — = 0. 

n = CO n = CO ^ 

Hence, lim ^r^^Atf ^ ; and we get from (1), 
n = 00 

(2) Hm [V — U] = 0; or lim V= lim U. 

71 = 00 91 = 00 91=00 

The common limit of V and U, when n == oo, is the area of the 
surface OPqP^. 

II. The differential element of the area OPqP^ [fig. 30] may be 
found as follows : — 

Let ^ XOP= Ohe the vectorial angle of the point P. Give $ 
the increment A tf i= ^POR, The radius vector, OP = r, will take 
the coiTcsponding increment BQ = Ar: and the area OPqP wiU 
take the increment OPQ=: AG, Draw circular arcs, PB and SQ^ 
with centres at 0, and radii OP^r and Q = r -f- Ar. Then, the 
area of the circular sector OPB = ^r^A^, and the area of 0/S^Q = 
i(r+Ar)«A^. 

Now, the figure shows that, 

(3) area OPE < area OPQ<^ area OS Q : 

and hence, 

(4) ir2Atf<A6?<i(r + Ar)«Ad. 

Dividing (4) by A tf we get, 

* It is proved in elementary geometry that : The ctrea of a cireuictr sector tSi 
$quai to half the product of its arc by its radivs. 
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Now lim (r-f- Ar)^= r*; since lim ^r =l lim ArinO: and 

we obtain from (5), 

dG _ lim rA^-| _ 1 

From (6) we get, 

(7) dO=l r^d$; 

which is the differenticU element of area in polar coordinates. 



III. We may now obtain the area OPqP^ [fig. 30] by integra- 
tion, as in § 33 : hence, 

(8) G' = J?^sir«dO=|jr«dO = ij[/(tf)]«d(9; 

which is the general integral formula for the area included by the 
polar curve^ r ==/(tf), and the radii-veciores corresponding to $= $^ 
and =^ $^. 

Example, 

If the pole is on the circumference, and the polar axis passes through the 
centre, the polar equation of the circle whose radius is a, is r = 2 a cos 0, One 

imp 

half the circle is traced while varies from to — . We get, on substituting in (8), 

J IT 

1 If* n 111* 

(9) - area circle =5 I 4a* coa*0d0 = 2a« - sind cos^ + o ^ 

2 Z»/ l_Z 2 J 10 

= 2a»| ; 



Cir"| _ ira* 



Hence, the entire area is ira*; which is the familiar formula for the area of 
a circle. 

Eocercises, 

1 . Find the area of each of the three loops of the curve, r = 2 a sin 3 0. 

Ans, = i'ira*. 

2, Find the area of the curve, r = a sin 2 0. 

Ans, 0= 4 IT a*. 




8. Find the area of the eardioid, r = a cos*- •. 



Ans, G= lira*. 
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4. Find the area of the lemnigcaie, r* = a* cos 2 6, 

5. Find the area of the ellipse^ r* = , . «^ . -^ =-: • 



AiiB, G = a*. 



6. Find the whole area of the curve, r = a{%m2$ + cos 20) . 

An$. O^va*. 

7. Find the area of one circuit of the spiral j r = aB, 

Am. Q = l»«a«. 

8. Find the area of one cireiiit of the logarithmic spiral, r == e'*. 

Ans. G = ^^ [e-- - l]. 

e2. LENGTHS OF PLANE CURVES IN POLAR COORDINATES. 

In polar coordinates, as in rectangular coordinates in § 55, we 
shall define "length" of a curve as: The limit of the perimeter of 
an inscribed polygon when the number of sides becomes^ infinite and 
ea>ch side of the polygon is indefinitely diminished. 

The differential element of length of cwve for polar coordinates may 
be obtained most simply by transformation of coordinates. The form- 
ula obtained in analytic geometry for transforming from rectangular 
to polar coordinates are, 

(1) x=zr cos d, y = r sin 0. 

In rectangular coordinates the differential, ds^ of the length, «, of 
a curve is. 



(2) ds =z -^dix^ + dy^ . [See § 57.] 

From (1) we get, 

dx = cos Odr — r&inOdO^ 
dy = sin^dr + rQosBdO : 

dT^-^- dy^ = dr^ + r^dO^ = dsK 

Whence we get, 

(3) ds = Vdr2+ r^dO^. 

The length, s, of the curve r =f(0) between the points correspond- 
ing to two given values of ^, say Oq and ^^, can now be obtained 
from (3) by integration. We get, therefore, 
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(4) 8= jy/dr^-{- 7^(10^= jyjr^ + f^\e. 



(h (h 



If r is taken as independent variable, (4) will be expressed in the 
form, 



(,) .=J^^+^m 



dr. 

In some cases (5) is more readily evaluated than (4). This 
depends upon the fonn of the function, r=f(0). 

Exercises. 
1. Find the circumference of the cireUy r = 2 a cos 0. 



Ana, 5= 2«-a. 



2. Fmd the perimeter of the cardioidy r = a cos'-. 



Ans, 5 = 4 a. 

3. Find the length of one circuit of the logarithmic spiral ^ r = «^*. 

g« iro _ 1 . 

Ans. s = >f a* + 1. 

a 

4. Find the length of one circuit of the spiral of Archimedes^ r = a$. 

Ans. s^ra ^i + 4w* + % log [2«- + '^l+4»-«] . 

5. Find the formula for the length of an arc of the hyperbolic spiral ^ r=z—' 





Ans. .= |aiog[»+yrnJ]-^^^}|;;- 
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e2a. ANGLE BETWEEN RADIUS-VECTOR AND TANGENT, AT A 

GIVEN POINT ON A POLAR CURVE. 

Let the equation of the curve be r z=.f(B). Take any point P(r, 0) 
on it. The radius- vector of P will make the angle B with the polar 
axis : and the tangent at P will make an angle with the polar axis 
which we may call t. [See fig. 81.] 

Call the angle between the radius-vector and the tangent, a. From 
the figure we may see that, 

(1) a = T — d. 
Whence, by trigonometry, 

.^. ^ tauT — tand 

(2) tana = - — ; -z . 

^ ^ 1 + tanr land 

A dififerential f oimula for tan a may be obtained as follows : — 

Taking the pole as origin and the polar axis for a?-axis, we shall 
have, at the point P, 

(3) y = rsind, x = rcosd. 
But, from § 11, we have, 

(4) tanr = I>,y = ||, [§22]. 

From (8) we get dy =z sinOdr -\- rcosOdO^ 

dx = co&Odr — rsinOdO: 

BmOdr + reosOdO 

(5) .'. tanr = -^ — ' . >.,^ ' 

Putting this value of tanr in (2), and reducing, we get, 

rdO dO 

(6) tana ^ —r— = r — - . 
^ ^ dr dr 

Formula (5) is a general formula for the slope of the tangent to the 
curve ^ r =f(0)^ at any point (r, 0) on the curve. 

Formula (6) is a general formula for the tangent of the angle^ a, 
which the radius-vector of the point (r, &) makes with the tangent to 
the curve at that point. 
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625. POLAR SUBTAN6ENT, SUBNORMAL, TANGENT AND NORMAL. 

In fig. 31, let P(ry 0) be a point on the curve AB^ whose equation 
is r =zf(0). Let PN be the normal, and TPt be the tangent at P. 
Draw TO^ perpendicular to OP at 0, meeting the tangent and nor- 
mal at T and N. Draw OQ perpendicular to the tangent PT, 

Special names are given to the lines PT, PN^ OT^ and ON^ as 

follows : 

PT is called the polar tangent at P; 

PN *' polarnormal '* P 

OT " polar subtangent " P 

ON " polar subnormal " P. 




Ftct. si. 



Dififerential expressions may be obtained for these lines as follows 

dB 
(1) 0T= OPtana = rtana = r« — , [§ 62a, (6)]. 



(2) 



PTi= OPseca= r Vl + tan^a = r ^1 + ^M ^) 



a 



r ^dr^ + r^dO^ _ ds . 



dr 



dr 



smce 



-sldr^+^^dB^—ds, by (3), § 62. 
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(3) 0N= OPtanOPJV^=rtan(90 — a) = rctna 

r r dr 

tana (IB dO' 

dr 



(4) PN= yjoF'+ON^ = yjr^ + 1^1' 

__ 's/j^dQ-^ + dr^ __ ds 
"" dO ~ dO' 

Hence, we have, 

ds 

(5) FT = polar tangent = r — ; 

ds 

(6) PN= polar normal = -z-^ ; 

dO 

(7) OT^=L polar subtangent = r^ — ; 

d /* 

(8) 0N= polar subnormal = ^^ . 

Representing the perpendicular, Q, from the pole to the tangent 

by p, we have, 

dO 

r — 

,^. ^^ >-v T^ . tana dr 

(9) p = 0Q= OPsina = r . = r 



Vl+tan^a ^/ . ^(d^ 



V- + - {^^1 



a 



r^dO ^dO 



Vdr2 + r^d^^ rf« 



1. In the curve, r = 2 a sin ^, show that o = d. Plot the curve. What curve 
is it? 

2. In the lemniscate, r* = a*co82^, show that : a = - + 26\ PT= rc8c20; 

* ^ 

PN=^-\ (?r= -octn2^-^cos2^; and (?JV= - — sin2«. 
r r 
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I 

3. The general polar equation of a conic section is - = 1 + «co8 0, the pole 
being at a focus, and e being eccentricity. 

Show that: tana = ^— : ; FT = ' — z—z ■ — ; 

^^= yV'l + 2«co8^+ «« ; O^r: -^ ; and 0N= ^jl?^ . 
* «8md I 

TjT « -^ 1, ^^ contV section is an ellipse ; if e = l, it is a parabola; and 
if e'^ 1, it is an hyperbola. 

I 

4. Show, for the parabola, that : the equation of the curve is r = - sec* ^ ; 

6 /r 0\ 

tana = <?tn-= ^^ (^ — o)? PT= rcosec ; PN— rsec-; 0T = 


I cosec ; and ON = r tan ^ • 

T'Af^tf results may be derived from the results of Ex, 3, 

6. The polar equation of an ellipse, pole at center, is r* (1 — e* cos* 0) = 5*. • 
Show that: OJV= qp 5e*8in0cos0 (1 — e*cos*^)-i; 

^„ 6(1 - tf«C08»«)* ^^ . . 1 n n 

T = , . ^ ;r^— ; and tana = ctn =- sec esc . 

e* sin cos e* 



CHAPTER XXVI. 

CURVATURE OF PLANE CURVES. 

DEFINITIONS: RECTANGULAR AND POLAR FORMULAE FOR 
CURVATURE: SECOND DIFFERENTIALS. 

63. DEFINITION OF CURVATURE FOR PLANE CURVES. 

Consider the arc ^JB of any continuous plane curve, which has 
neither cusp nor point of inflexion between A and B, [See fig. 32.] 
The arc may be conceived as generated by the point P, moving from 
AU> Bi and the direction of the motion of P cU any instant^ is the 
direction of the tangent at /*, and may be defined as the direction of 
the curve at P, 

The curve possesses a quality called bend^ or ftemire^ or tum^ 
which is determined by the change of direction of the curve from 
point to point : and the bend of an arc of given length is greater or 
less, according as the angle between the tangents at its ends is greater 
or less ; provided the turn is, throughout, toward one side of the arc. 

The bend^ or flexure^ of an arc of a circle may be called uniform^ 
or constant; since the tangents at the ends of any two arcs of equal 
lengths on equal circles, make equal angles with each other. But, in 
an ellipse^ if two arcs of equal lengths be ta^en, it is plain that the 
tangents drawn at the ends of each will not, in general, make equal 
angles with each other. In this case, and in general^ the flexure is 
variable. 

We wish to devise a method of measuring the flexure of a given 
curve at a given point : and we shall call the result of the measure- 
ment, or, the number which expresses the measure of flexure^ the 
curvature at the given point. 

We have to show that flexure, or bend, may be measured. 

Let us examine, first, the circle of radius a. It is evident that, 
whatever be the method devised for measuring the flexure of the 
circle, the following conditions must be satisfied by the result : — 
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(1) if a increases the curvature decreases, and conversely; (2) if 
a is fixed, curvature is fixed, and conversely. 

A result satisfying both these conditions may be obtained as fol- 
lows : — Take an arc, AB^ of the circle ; and call its length, «. Draw 
its tangents at A and B ; and call the angle between them, a. If is 
the centre, and radii OA and OB are drawn to its ends, it is easy to 
prove that ^ A OB ^ a. But, the length of an arc of a circle equals 
the product of its radius by the circular measure of its subtended 
angle ; hence, « = a X -4 05 ; or, 

(1) 8 = aa. 

Now divide the angle a (expressed in circular measure) by the 
length of the arc, «. We get from (1), 

a a 1 

(2) -=!= — =-. 

^ 8 aa a 

If 8 is decreased indefinitely, a will also decrease indefinitely, since 

8 a 1 

a = - ; hence, 8 and a will vanish together. But the ratio - = - 
is constant if a is fixed ; moreover, this ratio will decrease as a 

increases, and conversely. Hence we may take its value, -, as the 

measure of the flexure of the circle whose radius is a. If^ therefore^ 
we represent by k the curvature of the circle of radius a, we have^ 

(8) k = - . 

' a 

In an analogous way we shall define curvature for any given plane 
curve as follows : — 

I. het P and Q be the ends of an arCy PQ; which^ from P to Q, 
bends away from the tangent at P, Call Us lengthy s; and let a 
represent the circular measure of the angle between its tangents ai P and 
Q {this is sometimes called *angle of coiitingence of the arc) . The 

ratio y -, is called the mean curvature of the arc PQ. 

8 

If we denote m^an curvature by A:^, we have, by definition, 

_<^ '^^ 

* The angle of contlngence is equal to the angle between the normals at the 
ends of the arc. 
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II. In the preceding definition^ conceive the lengthy s, of the arc^ 
PQj to diminish indefinitely by causing Q to approcxih the fixed point j 

P, If the mean curvature ^ fc^ zn -, approaches a limit when s ap- 

s 

proaches zero (that is^ when Q approaches P), this limit will he called 

the curvature at the point P. 

If we denote the curvature at P by fc, we have, by definition, 



(5) *=lix„A:„=;^„g]. 



We have developed a method of measuring a in § 1 1 ; and, in § 56, 
a general method of calculating s ; hence, the value of mean curva- 
ture, fc^j, can, in general, be found when the equation of the curve is 
known. 

We shall establish general formulae in the next section by which k 
may be obtained. 

64. GENERAL FORliULJS FOR THE CURVATURE OF A 

PLANE CURVE. 

I. Let the curve AB in fig. 32 be the locus of the function 
yz=.f(x)\ which has a continuous and single-valued derivative, 
/'(«), for all values of x belonging to the interval (ai, hi). Take 
P(x^ y) any point whose abscissa belongs to the interval (ai,6i) ; 
and let T = ^ XR P be the angle between X and the tangent at P. 

It has been shown in § 11 that, 

(1) tanT=/'(a;); or, t = tan-V'(a;). 

If f'{x) = m is a constant in the interval (a^, bi), the function 
y =if{x) is linear [§ 45, 1] ; and ^5 is a straight line : conversely, 
if the function is linear, its locus is a straight line ; and f^x) = m is a 
constant. In this case, t = tan~^ m is a constant : but, in general^ 
f\x) and^ therefore^ r are functions of x. 

Give to X an increment, A a? ; and let As = arcPQ, and At = i Q'i' 
= XE'Q' — XE Q\ be the corresponding increments of « = arc^P, 
and of T = XEP. 

The mean curvature of the arc PQ is^ 

/tO't' At At As 

(2) ^^^' = :^ = ^ ^ e_ , by I, §63. 
^ ^ arcPQ As Aa? Aa; ' -^ ' 
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The curve being continuous, As = when Aa = ; and, from (2), 
we obtain the following result for the curvature at P [by II, § 63] : 

(3) k= ^^^ f— 1= ^™ f— 1= ^^"^ f— 1~ ^™ f— T 



(4) .-. 



dr dr , ds 

^ ds dx ' dx 




Fid. 3S,. 



ds 



II, The expression for — = V 1 + [/'(^)]^ has been established 

in § 57. It can always be found when y=if{x) is given, if the 

derivative, /'(»), can be found. 

dr 
We will now show that -r- can be found, in general, under the 

dx 

same conditions. We have noted above that t is, in general, a func- 
tion of X. Differentiating the expression t = tan~^/'(aj) by XXIII, 
§ 23, we get, 



(5) ar=^^^^^ 



dr 
; or, ^- = 



/"(«) 



The second form of (5) is obtained by dividing the first by da?, 
then putting /"(a?) for *" -^ ; since each of the latter expressions 

denotes the first derivative of /'(a;), or the second derivative of /(a?). 
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ds , d 



Substituting in (4) the values found for — and — , we obtain the 

following general formula for the curvature of the locus of y :=.f(x) 
at the point (a?, y) : 

f\x) _ D*y 



(6) k = 



[i + l/'(a')n^ Ci + (^x.y)']* 



The second form of (6) is obtained by noting that D^y^f\x)j 
and that D^hf =/"(«). 

As examples illustrating the application of (6), let us find k for the line, 
y = mx+ b'y and for the circle, »• + y* = a'. 

For y = mx+ by D^y = w, and Dg?y = ; hence, k = -. = ; and 

[1 -f- w*]l 
ike curvature of a straight line is zero. 

Prove the converse. 

For fi^ -\- y* = a*j y = ± ^o* — x*. The upper sign refers to the semi- 
circumference above the x-axis, and the minus sig^ to that below the x-azis. 
These may be treated separately. 

— X , _ . — a* 



Take y =: V a* — x* ; then D^gy = . , and Dx*y = 



Whence J k = ; . and the ■cwrvaiiirt of the upper semi'drcumferencei which is 

a 

Concave downwards^ is the negative of the reciprocal of the radius. 



Taking y = — '^a* — z* , we get />«y = y , Dx*y = 

>/o« - x« [a* - 



and k = — ' 
a 



»«]i 



This semi-circumference is convex downwards. Its carvature is numerically 
«qual to that of the upper half of the circumference : and the results agree with 
those obtained for the circle in § 63. 

III. We should have anticipated a difiference in the sign of k 
betv^^een a concave and convex curve, from the fact that DJh/ is 
negative when the curve is concave downwards, and positive when it 
is concave upwards. [See Ex. 1, § 21.] 

Hence ^ in gerieral^ the curvature, k, as obtained by formula (^), 
will be positive when the cw*ve is convex downwards and negative 
when it is concave downwards. In the first case the curve lies above 
its tangents; and in the second case, below. 

It may be shown from this property of k that A; = 0, and therefore 
D^y =: 0, at a point of inflexion. [Compare § 21.] 

[ Work Exs, i, 2, and 5, on p. 169.] 
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IV. Formula (6) can be conveniently used in all cases when the 
equation of the curve is given in the form of a single equation con- 
necting X and y^ which can be solved for ^ so as to take the form 
yz=zf{x). It is not so convenient for use in cases when the equa- 
tion of the curve is given in the form, a; =/i(^), y =/j(^) ; where 
X and y are expressed in terms of a third variable. For this case, 
the differential notation gives a better form of expression for k ; for 
reasons to be seen below. 

dy 

V. We have seen in § 22 that D^y =z -^ : we must now express 

DJy in terms of the differential notation, wJiere toe are to understand 

by DJy^ the ratio of the differential of D^y to the differential of x. 

dv 
Let us find, first, the differential of D^^y = -r^ ; in which we must 

ax 

dv 
regard -r^ as a quotient, and use the formula of Ex. 8c, § 9. We 
ax 

get, 

.<7) . iDM = d [^a = '"^'-■"^' , 

where d^y ^ d [dy] and d*x ^ d [da?] denote tJie differentials of the 
differentials of y and x. These are called second differentials. 
Dividing (7) by rfa5, we obtain, 

/ft\ n u, — ^ [^xy] _ LdxJ _ dxd^y — dyd^x 

^^^ ^' ^ - ~~d^ - ~~dr~ - d^ 

Substituting in (6) we have, 

dxd^y — dyd^x 



d7? 
(9) k = 



[' + (s ■] 



3 
7 



Form (9) is the most general differential formula for A:, and is 
applicable in the case when x and y are given as functions of a third 
variable. 

VI. For example, the equation of the ellipse is sometimes given 
in the form, x = acos^, y = &sin^ ; where ^ is the eccentric angle 
of the point (se, y) ; and ^ is regarded as independent variable. 

* The student should note that cfx* means {dxY^ not d(a^). 
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To find k for the ellipse, when its equation is in this form, we must 
first show that : — 

Tlie second differential of the independent variable is zero. 

In this example <^ is independent; hence we are to show that 
d^<l> zz: d [d<^] =: 0. But the principle is a general one ; and applies 
to all cases, whatever be the symbol representing the independent 
variable. 

By the definition of differential in § 22, we must have, 

(10) d^<l>= d[d<^] = Z><^(d<^)A<^; 

where d<f> and A<^ are the increments of <^ in the two successive, 
independent, operations of calculating the first and second deriva- 
tives of the given function of <^. 

Now, d<^, being arbitrary, may be so chosen that it shall not be a 
function of <f>; and, therefore, so that its increment, A(d<f>), shall be 
zero in the second operation above-mentioned. 

Hence D^{d<i>) - ^J^^^^ f^^^l = ; since A(c?^) = ; and, 

therefore cZ*^<^ = 0, from (10), as was to be proved. 

It may be noted that the increment, A<^, in the second operation, 
is arbiti'ary. It may, therefore, be taken equal to tlie increment^ d<ff^ 
of the first operation. It is so regarded when <^ is independent. 

Returning to the equations xzn a cos <f>, y :=:b sin <^, we obtain, 

dx =z — aem<f>d<f> , dy =. bcoQ<f>d<f>, 
d^x = — acos<^d<^"^, d^y =: — b8in<l>d<f>\ 

Substituting in (9) we get, after reduction, 

— a5cosec'<^ 



(11) k = 



{a'+b^cin^<l>)'i 



This gives the curvature at any point, P, of the ellipse, in terms 
of its eccentric angle, <f>. 

[ Work Exs. 4 and 5 on p. 170.] 

VII. The formula for curvature in polar coordinates may be 
obtained from (9) by the transformation, a?= rcos^, yzursind; 
where {r, B) are the polar coordinates of the point (a?, y) . 
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Regarding as independent, we obtain, 

dx = coB^dr — rsin^d^, dy = sin^dr -|- VGO^OdOy 
d^y z= BinOd^r + 2coQ0d0dr — rainOde^, 
d^x = cosOd^r — 2&m0dedr — reos^d^. 
.-. dix^ + dy^ = dr^ + r^d^S 
dxd^y — dyd^x = {r^de^ + 2dr« — rd^r)de. 

Substituting in (9) and reducing we get, 

o . c^ry d^r 



[-+(rO'] 



3 

7 



Form (12) gives the general expression for curvature in polar 
coordinates ; and may be used in all cases when the equation of the 
curve is given in the form r =zf{0). 

VIII. Formula (8) assumes a simpler form in all cases when x is 
independent; for, as shown above, in such cases d^x = d(dx) = 0; 
and (8) reduces to. 



(13) DJy= ^ ; or, d'y = D.^ydxK 



d^y 



EqvxjUion {13) may be regarded as defining the symbol -^ to he tJie 

ax 

second derivative of y =/(a3) with respect to a?, when x is independent 
variable; but, when x is not independent, form (8) defines the 
differential form of the second derivative of y with respect to x. 
The second form of (13) defines tiie symbol, d*y, or the second 
differential of y, for both cases ; the value of DJ^y is to be taken from 
(8) when x is not independent; and, from (13) when x is inde- 
pendent. 

IX. Making the assumption that x is independent variable, gives 
the two following forms for fc, on putting d*a; = in (9) : 

These forms are equivalent to those in (6) when x is independent. 
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X. Two special cases are worth noting. 

a) If the curve y=zf(x) is parallel to the x-axia ai P, then 

dx 



= 0; and we get from (14) the simpler form, 



(15) * = g , 

for the curvature at P. 

b) If the curve y =zf(x) is a very flat one, nearly parallel to the 

civ 
Off-axis, then ^ = m is a very small quantity ; its square is smaller 

still ; and if we develop [1 + w*]^/^ by the binomial theorem we get, 

[1 -|- *w*]' ^ 1 + - m^ + - — J m* -j- terms containing increas- 

2 2*4 

ingly higher powers of m*. 

It is evident, therefore, if m = -^ is very small, that unity is a 

fairly good approximation to the value of [1 -|- wi*]*. In such case^ 

form (15) furnishes a close approximation to the cui^vature^ Jc^ 

dH 
This approximate value of JCy viz. -r^ , is used in many problems 

concerning the curvature of columns and beams ; where the column 
or beam bends under its load ; and where, from the nature of the 
case, only a slight d^ree of flexure is consistent with the safety of 
the structure resting on the column or beam. 

XI. We have seen in II above that the curvature of the circle is a 
constant, not zero* : it may be shown, conversely, that if the curva- 
ture of a curve is a constant, not zero, the curve must be a circle ; 
and, hence, the curve of constant curvature must he a circle. 

This may be proved as follows : — 

1 1/7 

Let - = a ziz a constant. Then A; =z - = — [see equation (4) 
ic a a s 

of this section]. Hence, ds =i adr. 



* The case when the curvature is zero has been shown in the example under 
n to belong to the straight line. 
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Bnt, since tan t =: -^^ , we get. 



dy 



(16) sinr = , =. , = . =-=- ; 

Vl + tan«T / (dyy Vd^+dy^ ds 

v-p,x 1 ^* dx 

(17) COST = , = = -r- . 

Vl + tan«T y/da^ + dy* ^« 

From (17) and (16) we have, 

dx = cosrdd := acosrdr, 
dy := sinr (28 = a sinr dr. 

From these equations we get, by anti-differentiation, the following : 

X ■=. asinr + &» y = — acosr -j- c ; where h and c are arbitrary 
constants [§45, III]. From these equations we get, 

X — h y — c 

smr = , cosr = 

a — tt 

But sin'r + cos*r = 1, from trigonometry ; hence, 

{x — hY+{y — cy=a\ 

which is the equation of the locus of (a;, y) when the curvature is 
constant. This is the circle whose centre is (&, c) and radius is a. 

Exercises, 

Find the caryature of the following curyes at the point P{x, y) : — 

1. The parabola J y* = ^px. 

Ans. it = -i5^. 
2 (i» + x)i 



2. The equilateral hyperbola^ xy = a. 



3. The catenary, y = | Ff" + « » | 



Sax* 
Ans, k = 



(a* + «*)! 



Ans. k = — -zr z— i 



a(^^ +, e -^ 
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4. The hyperbolay x = asec^, y = 5tan0. 



. . — abcoB^(f> 

Ans, k = 



(a«8in«0 -h b*)i 



6. The asiroidi or four-cusped hypocycloidj x = acos'^, y = asin'^. 



An8, k = -5 — sec 4> cosec . 



[Suggestion: — Use form (P).] 
6. The spiral of Archimedes, rz= a0. 



iln«. A; = 



a (1 + ^)i 

7. The logarithmic spiral , r=e^^. 

Ans. k = — M • 

rv 1 4- a* 

8. The lemniscate, r* = a' cos 2^. 

Ans, k =z -5- . 
a' 



CHAPTER XXVII. 

CIRCLE OF CURVATURE, RADIUS AND CENTRE OF 

CURVATURE. 

66. CIRCLE, RADIUS, AND CENTRE OF CURVATURE AT A GIVEN 

POINT OF A PLANE CURVE. 

I. Let y=f(x) be a continuous, single-valued function of x 
throughout an interval (a, h) ; then, in general, both f\x) and 
f"{x) will assume determinate values, /'(aji) and /"(^)» ^o^ * given 
value, a?!, in that interval. Hence, the value of curvature. A;, from 
equation (6) § 64, is determinate, in general, at the point on the 
locus of y=f(x) corresponding to x=zXi, 

We have shown in § 64 that the curvature of a circle is the recip- 
rocal of its radius ; hence, its radius is the reciprocal of its cui'vature. 
Now, a circle may be drawn with any given radius ; we may, there- 
fore, draw a circle having any given curvature. 

Turn, now, to fig. 32, p. 173, in which P is to be considered a fixed 
point on the locus, AB, of the function y =if{x). Let Pt and PN 
be the tangent and normal at P. Let k be the curvature at P. On 
the normal PN^ on the side of the curve opposite to the tangent at P, 

lay off a length PC =i -- With the centre C, and radius PC, con- 

ceive a circle to be drawn. This cii'cle will touch the line Pt at P, 
and will, therefore, be tangent to the curve ^5 at P: and since its 

radius is PC = t^ it will have the same curvature as the arc ABai P. 

k 

This particular circle^ tangent to the curve AB at P, Jiaving its 

centre on the inner portion of the normal at P, and its curvature equal 

to the curvalure of A B at P, is called the circle of curvature at P ; 

its centre is called the centre of curvature at P ; and its radius is 

the radius of curvature at P. It is called^ also^ the osculating 

circle at P. 

II. Denote the radius of curvature by p. Then we get, from 
§ 64, (9), the following general rectangular formula for p : 
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[i + f^y-]- 



m 1 - ^^^^-^ 

^ ^ ^'~ k ~ dxd^y — dyd^x 

This formula is applicable both to the case when the equation of 
the curve is given in the form, ic=/i(<^), y z=/2(<^), and <^ is the 
independent variable, as well as to the case when the equation is 
given in the form y=.f{x)^ in which x is independent variable. 
But when x is independent (i*a; = 0; and (1) takes the following 
form: 

3 



[i + (t^ v> 



^^ ^ ■" A; "~ c^ "~ dxd^y 

dx^ 

d^y 
It may be seen that p gives a positive result (since -=-^ is posi- 
tive) at the point F whenever the curve, on both sides of P, lies 
above the tangent at F ; and that p gives a negative result when the 

d^y 
curve lies below its tangent (since, in the last case, -^^ is negative). 

At a point of infiexion. A; = [§ 64, III] ; Jience ^=±00 at a 
point of inflexion. 

Also, A;:= 0, and p = ± 00 , if y =.f(x) is a linear equation 
[§64, II] ; hence the radius of curvature of a straight line is infinite. 

It follows from § 64, XI, that the only curve whose radius of curva- 
ture ^ p, is a constant^ a ^ Oj is the circle whose radius is a. 

If p =1 a ■= Oy then A; = - = 00 ; that is, the circle of zero radius 

P 

(or a point) has an infinite curvature, with a zero radius of curvature : 
and conversely. 

The formula for radius of curvature when the equation of the cur\'e 
is given in polar coordinates in the form r := f{B)y may be obtained 
in derivative form from § 64, (12). The form is. 



(3) .= 1 = ^^^'') J 



[^ + (^jXI^ 






ae^ 
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The differential polar form for p may be obtained from this by 
maltiplylng both terms of the fraction by dO^, 

III. The Centre of Curvature may he found as follows: — 

Let OL =. X* [fig. 32] and LC =i y' he the coordinates of C7, the 
centre of curvature at P(aj, y) on the curve AB; whose equation 
may be given either in the form, a;=i/i(<^), y:=/2(«^), or in the 
form, y=f{x). 

y 




The figure shows that, 

(4) x' = 0L= OM— JP=x — JP, 

(5) y^ = LC = MP + JC = y + JC I 

also that, 

JP= PC COB JPC=z pcos(90 — t) = psinr, 

JC= PCBinJPC= psin(90 — t) = pcosr. 

Substituting these values in (4) and (5) we obtain, 

(6) x' =1 x — psiur, 

(7) y = y + pcosT. 

But, from equations (16) and (17) of § 64 we have, 



(8) 
(9) 



smr = -T- , 
ds 

dx 

COST ^ -r- . 

ds 
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Substituting in (6) and (7) the values of sinr and cost, with the 
value of p from (1), we have, after reduction, 

1 + m' 

(10) -• = --/ , ^ ^Vw. ' 

^ ' dx dx(Py — dydrx 

d3^ 



(11) y' = y + 



dxd^y — dyd^x 
d^ 



Formulae (10) and (11) will furnish the coordinates («', y^) of the 
centre of curvature corresponding to the point {x^ y) on the cui*ve 
whose equation is in the form, a; =/i(<^), y z=/j(<^) ; also, when the 
equation is in the form y z=.f{x) : but in the latter case d^x = 0, and 
the formulae take the following forms : — 



1 + f-'Y 

dy ~\dx) __ {dx^ -\' dy^) dy 



(12) a;' = X — -^ -^ — ^ = X 



dx d^y dxd^y 

d^^ 

^ \dx) __ dix^^ dy^ 



(13) y = y+—^-^ = y+ ^,^ 

dx^ 

If (r', 0') are the polar coordinates of the centre of curvature at 
the point (r, 6) on the curve r z=if (6)^ we may obtain the values 
of r'cos^' = aj' and r'sinO' =z y' by substituting in (10) and (11) 
rcos^i^a; and f8inO = y^ as was done in § 64, VII. Putting ds 
for "s/ (dr^ -\- r^d$^) ^ we get from (10) and (11) after reducing, 

...^ , , ^, . {rcosede+smedr)ds^ 

(14) a' = rcos^' = rcos^ — /., ,^^ , — -—J-s ,/ , ,^ , 

^ ^ (r^dO^ -\- 2dr^ — rd^r)de 

, , , (cos^dr— rsin^d^)c?«2 

(15) y' = rsin^ =: rsiu^ -|- ' 



(r^dO^ + 2dr^ — rd^r)de 
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'Exercises. 
lind the radiiu of carratore of each of the following corres : — 

1. The eUipte, 6»«» + oV = o»6» : «» = i (o» - *•). 

2. The hyperbola, 6»«» - o»y» = o»»» : ^ = A. („» + 6»). 

'- s» 

3. The cycloid, x = a(0 — sin^), y = a(l — coe^). 

Ans. p = — iasin J • 

4. The involute of the circle^ % = a(co80 + ^sin^), y = aCsin^ — ^coe^). 

Ans. p = a0. 

5. The semi-cubiccU parabola J ay* = se*. 

Ans. p = ^^ (4a + 9«)f . 

6a ^ 

6. The asiroid, or four-cusped hypoeycloid, x* + y* = a* . 

Ans. /> = ± 8 (axy)* . 

Find the centre of curvature of each of the following curves : — 

7. The drde, a^ + y* = a*. 

Ans. x' = y' = 0. 

8. The parabola^ y* = ^px. 

- v' 
Ans. x' = Sx -\- 2pj y' = ~ - 



ip* 
9. The ellipse, b^x* + a«y« = a«i«. 

^n5. x' - -^ , y' _ ^^ . 

10. The hyperbola, 6*x» — a*y* = a»6*. 

A„. , _ C^' + b*) x^ (a^ + &«) y' 
Ans. X' - —^ » y' j4 

* In the results of these exs, the minus sign belongs to that portion of the 
curve which is concave downwards; the plus sign to that portion which is 
concave upwards. 
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11. The cycloid, x = a(0 — sin^), y = a(l — co80). 

Arts, aj' = a{4> + sin^), y' = — a(l — co80). 

12. The invo/u^e of the circle, x = a(co8 + 08in0), y = a(8m0 — 0co80). 

^n«. x' = aco8 0, y' = a8in0. 

13. If a = radius of the fixed circle, b = radius of the rolling circle, and 
= angle between the x-azis and the line joining origin to centre of rolling 
circle, the equations of the epicycloid are. 



{X = b [mCOS0 — CO89»0] ") ^ ^ 

r • *" — ~r 
y = b [msin0 — sinm0] J 



_. _ I ib(a+ b) , aif> , 

k a + 2b 2b 



x' = 



ab 



, . . mco80 + cosing I ; 
a + Zo L J 

y' = . Fmsin^ + sinm^J . 

14. The corresponding results for the hypocycloid may be obtained by 
changing the sign of b throughout Ex. 13. 

15. Given the polar equation of the logarithmic spiral, r = e^^\ find, 

p = ^ = r ^l + a*, 

x' = r'cosd' = — ar sin = — ay, 
y' = r'sintf' = arcos^ = ax. 

16. Given the polar equation of the lemniscate, r* = a'cos2d; find, 

1 a« 
^- ifc~ 37' 

x' = r'coad' = - — cos'^, 

or 

yf = r'smO' = ^=^ sin^^. 

or 



CHAPTER XXVIII. 

EVOLUTES AND INVOLUTES: A METHOD OF FINDING 
EVOLUTES OF PLANE CURVES: PROPERTIES 

OF THE EVOLUTE. 

66. EVOLUTES OF PLANE CURVES. 

Liet P(a?, y) be a point on a continuous locus whose equation is 
either, (a) x = f^(<l>) , y = f^{<l>) , or (b) y = f {x) : and let P'(a;', y') 
be the centre of curvature corresponding to P. 

Now, if P moves continuously on its curve, the point P' will trace 
a second curve ; which is called the Evolute of the first curve. The 
first curve, the locus of P, is called the Involute of the second ; that 
is : — 

The Evolute, E, of a given curve, /, is the locus of the centre of 
curvature of L Curve I is called the Involute of E. 

To find the equation of the evolute, E, of a given curve, we must 
obtain the equation connecting x' and y^ with the constants of the 
locus J by a process of elimination, which may be illustrated by the 
following example. 

Example, 
Find the evolate of the parabola^ y* — Apx, From Ex. 8, § 65, we obtaiiii 

xf = 3x -\- 2p, and y' = -r-^ . 
Solying these equations for x and y, we get, 

(1) x = - (x' - 2p) and y = - (4i>«y0* • 

But x and y are coordinates of a point on the given parabola : hence their 
yalues as shown in (1) must satisfy the equation of the parabola. Substituting 
them in y* = 4^ x we get, 

(ip*y')* = ^ (x' - 2p). 
This may be reduced to, 

(2) »'' - 2*- (^' - 2^)'- 
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Result (2) shows that the coordinates x', y' of the centre of caryatnre corre- 
spending to a point P on the parabola, y* = 4^x, will satisfy the equation, 

(8) y»=2^(«-2p)». 

Hence, (3) is the equaiion of the evolute of ike parabola, y*= 4p x . 



I. The foregoing example shows in outline the general method to 
be employed in finding the equation of the evolute, when the equation 
of the involute is given in the form y=^f {x) . The method may be 
described as follows : — 

(a) Find a;' and y' by means of formulae (12) and (13) of § 65 ; 

(6) Obtain from these results the values of x and y in terms of a?' 
and y' ; 

(c) Substitute the values of x and y in the equation of the invo- 
lute. The result of this substitution will he the equation of the evolute^ 
accents having been dropped from a' and y' after substitution. 

The method may be described more briefly as follows : — 

Eliminate x and y from the following three equations: (1) the 
equation of the involute; (2) the value of x' in terms of «, etc., 
[Eq. (12), § 65] ; and (3) the value of y' in terms of y^ etc. [Eq* 
(13), §65]. 

II. In the case wJien the equation of the involute is in the form 
aj=/i(<^), yz=f2{<l>)^ we should employ formulae (10) and (11) in 
finding x' and y'. These, usually, will give x' and y' in terms of <^ ; 
or can be reduced to such form. [Compare Exs. 11, 12, 13, of 
§ 65.] The equation of the evolute may be obtained, in some 
cases, by eliminating <^ from the two equations for a;' and y'. For 
example, in Ex. 12, § 65, we may eliminate <^ by using the equation 

8in^<^ + cos^<^ = 1 ; which gives ( — j-f-(-) = l; whence th>e 

evolute of the curve, x =z a{cos<l> -f- <^siw<^), y = a{sin<l> — <l>cos<l>)^ 
is the circle y x^-\-y^ =^ a^. 

But the equations, x z=z acos<f}y y = asin<^, represent the circle 
whose radius is a and centre is at origin : so that the elimination 
of <l> is not necessary in this case, and sometimes it is extremely 
inconvenient. [See Ex. 13, § 65.] 
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III. When the equation of ike invoinie i^ git^n in poiar coOrdinaieSy 
the equation of the evolute may be obtained by using fonnulie (14) 
and (15) of §65. 

It will be better, in general, to get x* and y by (14) and (15) ; 
then to eliminate $ and r from the results, using the equation of 
the involute. If the equation of the evolute is desired in polar 
coordinates, a second transformation may be made. The following 
example will Ulustrate the method. 

Exam^tle, 

Find the eyolute of the Umnis€aie, r* = a*cw2B. 
SoluHon. From Ex. 16, § 65, we obtain, 

(4) z* = -jr— coe'tf, and y' = —^ sin'tf. 

or 3r 

This gives the equation of the evolute in ike form, x = /,(r, tf), y =/t(*^i *)• 
We may eliminate r and B from these equations by aid of r* = a' cos 2 9. This 
can be done as follows : 

Solving (4), and dropping accents for convenience, we g^t, 

—[ST' -^.1— [|^> 

(6) .-. eo8«^ + sin'tf = [^|^^*(x» + y») = 1 ; and, 

C6) eo8«tf - sin«tf = f^T^** - y*) = cosStf = -j . 

From (5) and (6) we haye, 

Multiplying these results together, and reducing, we get, 

(7) 9 (x» + y»)« (x» - y») = 4a« ; 

which is the rectangular equation of the evolute of the lemniscate, f* •= a* cos 2 , 
The polar equation of the evolute may be obtained from (7) by the transforma- 
tion, X = rcoBdy y = rsind. 
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67. TWO PROPERTIES OF EVOLUTES. 

Let P {x^y) be any point on the involute ; and Q {x\ y') the 

corresponding point on the evolute. [See fig, 33.] 

dx 
Now, the line through (a5, y) and having the slope — zf^^ P^^" 

if 

pendicular to the tangent at (x, y) ; because the slope of the tangent 

dtj dx 

is -p • Hence ^ the slope of the normal at (x^ y) is — — . 

if 

dy' 
Also, the line through («', y*) having the slope -7^, will be tangent 

ax 

to the evolute at {x\ y') ; because the slope of the tangent at (a?', y') 

iBg,by§ll. 




Fia. 33. 



We wish to prove that : 

I. The normal of the involute aZ P(x^ y) is tangent to the evolute 
at the corresponding point Q{x\ y'). 

In the first place, the normal at (05, y) passes through (a?', y') , since 
(«', y') is the centre of curvature at (a;, y) [see § 65, I]. We must 
prove, further, that this normal has the same slope as the tangent to 
the evolute at (x\ y') ; that is, we must prove that, 

dy' __ dx — 1 

dx' dy dy 

dx 



(1) 
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The relations between x\ y\ x, and y are given in equations (6) 
and (7) of § 65, III. They are, 

(2) y' = y + pco8T, 

(3) x' =: X — psinr. 

The differentials of (2) and (3) are, 

(4) dy' =z dy -\- cosrdp — psinrdr, 

(5) dx* = dx — sinrdp — pcosrdr. 

1 dr 
But, from § 64, (4) , A; = - = -— : whence ds =. pdr. Also, from 

^ ' p ds '^ 

§64, (16) and (17), we have dy = Binrds = pBinTdr; and 

dx ^ cosrds =. pco&rdr. 

Put these values of dx and dy in (4) and (6) and we get, after 

canceling, 

(6) dy' = co8rdp, 

(7) dx' =1 — sinrdp. 

Dividing (6) by (7) we get, 

^y' . — 1 — 1 

(8) :ri = — ctnr = - — = -=— ; 

^ dx' tanr dy 

dx 

since r = angle between the a;-axis and the tangent to the involute at 
(*i y)' [See definition of t in fig. 32]. 

Equation (8) being established, the theorem is proved. 

It follows, therefore^ tJiat^ if the point P traverses tJie involute, the 
normal at P will remain a tangent to the evolute; and its point of 
tangency is always the centre of curvature, Q, at the point P of tJie 
involute. 

II. A second important property of the evolute is the following : 

Ij€t Pi and P be two points on the involute, Qi and Q, the corre- 
sponding points on the evolute, and pi, p the radii of curvature at 
Pi and P; then the length of the arc, Qi Q, of the evolute is equal 
to the difference, p — p^, between the radii of curvature at P^ and P. 

Proof. We have shown above in (6) and (7) that dx' -= — sin r dp 
and dy' = cost dp ; where (x', y') is the point Q on the evolute, p is 
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the corresponding radius of curvature, and t is the angle made with 
the oj-axis by the tangent to the involute at the point P corre- 
sponding to Q [See Figs. 32 and 33]. 

Squaring, adding, and reducing these values for dx^ and dj/'weget, 

(9) Vdaj'^-f dy^ = dp. 

But the left member of (9) is the differential element of arc 
of the evolute [see § 57, (4)]. Call the length of the arc of the 
evolute, measured from a fixed point, A^ to (x\ y'), s': then ds' = 

y/dx'^ -f~ ^y'^y ^^^ we have, 

(10) ds' = dp, or dp — ds'^ d{p — s') = ; 

(11).-. "V-''> = o. 

^ dx 

Since p and s' are both functions of a;, and the derivative of p — s' 
remains zero, it follows, from § 45, II, that p — s' = Z, where I is a 
constant, while Q traverses the arc QiQ. 

Now let s\ and pi be the values of «' and p at Qi, and s' and p be 
their values at the second point, Q. Then s\ "=■ pi — I and s'=: p — I; 
whence follows the theorem, viz. : 

(12) arc QiQ = 8' — s\ z=: (p — I) — {p, — I) = p — p,, 

III. From the two foregoing theorems it follows that, if a stretched 
inelastic stnng be unwound from an evolute, its extremity will trace the 
involute. For, the string will remain tangent to the evolute, and 
normal to the involute : and the length of string set free while 
tracing a given arc of the involute, will be equal to the length of the 
arc of the evolute which is thus uncovered. 

Since the equation p =i s' -|- Z involves the arbitrary constant I, it 
follows that we may obtain many involutes from one evolute by 
using different values of I. In fact, putting s' = in p — s' = Z, 
gives I =z pqz=. the initial radius of cui'vature. 

Theorem II gives a method of finding the length of an arc of the 
evolute between two given points, by obtaining the difference between 
the radii of curvature at the two points. 
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Exercises, 

Find the eqaations of the evolutes of the following involntes : — 

1. Of the ellipse, a*y* + h*7^ = a«&«. 

Ans. (a«)* + (&y)* = (a« - 6«)*. 

2. Of the hyperbola, a*y* — b*x*=— a*b*. 

Am. (a«)* - (6y)* = (a« + 6«)*. 

8. Of the cycloid, x = a(4> — sin^), y = a (1 — co80). 



Ans S*=a(0+8in0) / 

) y =z — a{l — CO80) J * 



Plot this evoluie. 

4. Of the cLsiroid, x = acoB,^4>, y — asin'0. 

C X = aco8'0 + 3aco808in'0 > 
^ y = 3aco8'0 8in0 + a8inV ) ' 

If is eliminated from this result we get, (« + y)^ + (« — y)' = 2 a' for 
the rectangular equation of the evolute : and if the rectangular axes are turned 

through an angle of 45°, this last result becomes x' + y' = (2a)i. 

5. Of the logarithmic spiral, r = e^^. 

. ix=— armnB ) 

Ans. < ^ i ' 

i y = arco8$ ^ 

If $ and r are eliminated between this result and r = e<»B , we get for the 
rectangular equation of the evolute, 

Transforming the last result to polar coordinates fi^ves, 
which is the polar equation of the evolvie of r — e^^. 



CHAPTER XXIX. 

SOME METHODS OF APPROXIMATE INTEGRATION. 
TRAPEZOIDAL RULES: SIMPSON'S RULE: BY SERIES. 

68. APPROXIMATE INTEGRATION. 

It has been shown in § 33 that the integral, 

b 



(1) G=J'f{x)dx, 



can be evaluated, in general, when we are able to find the anti- 
differential of /(«) dx. Now the problem of anti-differentiation is 
often unsolvable (see § 27), and is frequently so difficult as to make 
it worth while to possess simple methods of obtaining an approxi- 
mate value of G without recourse to anti-differentiation. Such 
methods will be explained below. Each is based on the fact that 
the integral, G, can be geometrically represented as an area under 
the locus of the equation, y z=z f(x) ; and, hence, an approximate 
value of this area will be an equally close approximate value of G. 

A, Trapezoidal Methods. 
Let the curve AB^ in fig. 34, be the locus of the equation, 

(2) y=f(x). 

Let OMq := a, and OM^^ = b ; then the area under the arc /©/«» 
will represent the value of G in (1). Divide the interval MqM^^ = 
b — a into 2n equal parts, and call each part h ; then, 

(3) MoMi = M^M^ = . . . . z= ~^ = h. 

Draw the ordinates, yo> Vu V^t Vs^ .... ysnJ ^^^ draw the chords, 
PqPu a a? ®tc., through the tops of the ordinates. This will 
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form a set of 2n trapezoids inscribed under the arc ; and the sum 
of their areas will be an approximate value of the area under the 
curve. The area of MqPqPiMi is, by geometry, J (y© + ^i)^- 
Forming the expression for each of the areas of the 2 n trapezoids, 
and taking their sum, we get, 

(4) area = h [J^o + S^i + ^a + S^s + • • • • + y%n-i "t i^a J 

b 

= jf(x)dx^ approadmately. 

a 

y 



i i 




/AoMiMc^M^ M^ M. 



MiH-Q. J^n-i ^an. 



Fta.S^. 



The ordinates, yo> ^n ^2? etc., in (4), are obtained directly from 
(2) by substituting for a;, in succession, the abscissae of the points 
Po) -Pi5 A^ etc. These abscissae are a, a + ^, a + 2^, etc. 

In the above, the number of divisions of the interval 6 — a is 
taken an even number, 27i; h\d it could as well be taken an odd 
number. 

If the curve, AB, is concave downwards, as in fig. 34, formula 
(4) will give a result smaller than Q ; but if the curve is concave 
upwards, the result obtained for G by using (4) will be too large. 

Obviously, in general, the approximation to G will be made closer 
by increasing n. 
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Example, 



/dx 
— = log6. 
X 



X 

1 



Taking 2 n = 12, we get h = = - ; and the BucceBsive valueB of x are, 

1, 1 + * = |, 1 + 2* = 5, 1 + 3fc= 2, . . . . , 1 + (2w - 1)* = ^, and 
o o o 

1 + 2nh = 5. The correBponding values of y are the reciprocals of the yalnes 
of x; since y =/(«) = -• 

X 

Substituting in (4) we get, 

(5) ar«. = 3^- + J + -+- + -+....+- + jj + ^J 



/<2x 
— = log 5, approxttnaiely. 



1 
7*^ ^uroe y = - i$ eonea/ve upwards from x = I to x = 5; hence our result for 

X 

log 5 is too large* 

A second trapezoidal formula can be obtained by using fig. 34 
and drawing tangents to the curve at the ends of the alternate ordi- 
nates yi, 2^3^ 2/51 • • • • ? y2»-i- If the ordinates, y©? V^^ etc., up 
to r/ini are produced (when necessary, — that is, when the curve is 
concave downwards) to meet these tangents, a set of circumscribed 
trapezoids will be formed. The trapezoid M^Q^QzMi is one of 
them ; and its area is 2hyi. 

The student can readily obtain the following expression for the 
sum of the areas of these circumscribed trapezoids : 



(6) area = 2^[yi + ys + y^ + Vi + .... + y2n-i] 

b 
f{x)dx^ approximately . 

. a 







This formida requires that the number of divisions of the interval^ 
b — a, shall be even. 

It may be seen that, in general, (6) will give too large a result 
when (4) gives a result too small; and vice versa. 



* 
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It is plain, from fig. 34, that the mean of the results (4) and (6) 
will be a closer approximation to the value of the integral, G^ than 
either (4) or (6). 

If we add (4) and (6) and divide the result by 2, we get the 
following mean of (4) and (6) : 

(7) area = ^Vjyo + Vi + V^ + V^ + .... + Vin-i + 

3 (yi + 2^8 + ys + .... + y2»-i) + ^ y«»J 

b 

=z i f{x)dx^ approximately, 

a 

This formula^ like (^), requires that the number of divisions shall 
be even. 

Exercises, 

6 

/dx 
— = log6, taking 2n = 12, and 
X 

1 
using (6), then (7). Compare the results with each other and with the value of 
log 5 = 1.609438, — which is its correct value to six decimal places. 

17 

/dx 
— = log 17, approximately, taking 2n = 8 and using each of 
X 

1 
the three trapezoidal formulae, (4), (6), and (7). Compare each with the 
correct value, log 17 = 2.833213. 

1 

/dx 
5 = 4tan— * 1 = IT, approximately, taking 2 7i = 10 
1 -\- ar 


and using (4), (6), and (7). Compare each result with the correct value, 
IT = 3.14159265. 
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B. Simpson's Method^ or Bute, 

This method is based on the following propositions : — 

(a) The equation^ y =z ax^ -\- bx -j- c^ has for its locus a parab- 
ola whose axis is parallel to the y-axis; and the arbitrary constants^ 
a, &, c, Tiiay be so chosen as to make the parabola pass through any 
three given points. 

(b) If three points^ P, Q, jB, are taken so that the ordinates of 
P and R are equidistant from Q, — that is^ the coordinates of P, Q, 
and -B, are P {x' — h, y'), Q {x\ y") and R (x' + h^ y'"), — tJien^ 
the area under the arCy PQR^ of the parabola i«, 

(8) area=:^(y + 4y" + y"). 

The first proposition will be evident if we transform to new coordi- 
nate axes, parallel to the old, with the new origin at the point 

( — — , I • The equation becomes ar* = - y, — which is 

\ 2a 4a y ^ a ^' 

the familiar form of the equation of a parabola whose vertex is 

at the origin and whose axis coincides with the y-axis. Hence 

y =1 aa^ -{- bx -\- c is represented by a parabola whose vertex is 

[ — — , J j, and whose axis is parallel to the y-axis. 

The second proposition may be established as follows : — 

The area under the curve, y =i aa^ -\- bx -\- c^ from x = x' — h 
to oj' -|- ^ is, 

(9) f(aa^ +bx + c)dx = hr^( 6a;«+ 2h^) + 2bx' + 2c']. 

xf — h 

If the points P(a;' — A, y'), Q(a;', y"), and R{x^ + h, y"') are 
on the parabola, y = ax^ -\- bx -\- c, then we must have, 

y' =a{x' — hy + b(x' — h) + c 

y" = ax'^ + bx' + c 

y'"= a(x' + hy +b{x' + h) + c 
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Solving these eqaations for a, b, and c, we get, 

a = A (y'_2y"+y"), 

b = ^ (y'" - y') - J' (y' - 2y" + y'"), 

c = y" - ^ (y'" _ y') + ^ (y- _ 2y" + y'"). 

Putting these values of a, 6, and c in (9), and reducing, we get the 

area under the arc PQR to be „ (y' + 4^' + y'"), — which is the 

o 

value given in equation (8). This establishes proposition (6). 

Turning now to fig. 34, conceive a parabola, with its axis parallel 

to F, to be passed through the three points Pqi A? ^^^ A* The 

parabolic arc, Pq Pi P^^ will more nearly coincide with the arc 

Pq Pi Pa of the curve AB than does the broken line Pq P^ P^. 

Hence, the area under the parabolic arc Pq Pi P^ will be a closer 

approximation to the area under the arc P© -Pi A o^ the curve A B 

than is the sum of the areas of the two trapezoids under the broken 

line Po Pi Pi- 

In like manner, the area under the parabolic arc through Pg Pg P4 
will be a good approximation to the area under the arc P^ Pg P4 
of the curve AB. And so on, till we finally reach the arc 

Pin— 2 Pin— I -* 2n* 

Now, using (8) , we readily obtain the following set of equations : — 

h 
Area under Pq PiP2=:^ ^ (2/0 H" 4yi + ^2) » ctpproximately. 

« 

» " P,P8i'4 = g(y« + 4y, + y4), 



" " A.-« A»-i A, = g(y«,-2+4y«,_i + !/„), " 
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Adding these results we obtain, 

b 

(10) area under arc Pq Pgn = / f(^) ^^ 

a 

hr 

= 3 I yo + 2 (2/2 + 2/4 + ye + . . . . + 2/a»-2) 

+ 4 (yi + yg + 2/6 + . . . . + 2/2«-i) + 2/9«J, 

approximately, 

Formala (10) is known as Simpson's Rule, or method, of ap- 
proximate integration. It requires an even number of divisions of 
h — a. 

This formula is more troublesome in application than either of the 
trapezoidal formulae ; but it will furnish an approximation consid- 
erably closer than either (4) or (6) ; and in most cases, probably, 
closer than (7). 

C, By convergent senes. 
When the function, /(«), can be expanded into a convergent 

b 

series, the integral, lf{x)dx^ can be found approximately by 



integrating the series term by term (see Exs. 11, 13, p. 143). 



Example, 

Take 2n = 12 and we readily get, 

6 

/dx I r 6 63266 

-^ + ^ + n 

13 ^ 7 ^ 6j 
= 1.6097717 = logS, approximately. 
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Exercises, 

1. Solve again Exs. 1, 2, and 3 on p. 187, using Simpsoii's RuUy and com- 
pare results with those obtuned bj the trapezoidal rules. 

20 

2. Compute J log,oX<2x = 11.677655, taking 2n= 10 and using Simpson's 

10 

rule. 

1.2 

, = 0.9218, taking 2n = 6 and using Simpson's rule. 



4. If / = length of a simple pendulum which oscillates through an angle 
a ^ X on each side of the vertical, and i = time in seconds of a half oscillation 
(from one highest point to the other) , then it is shown in mechanics that, 

t = 2 * /— f / ^ , I where k = sin- a. 



Obtain the following series for t : 



6. Given ^ = 32.2, / = 12 inches ^ and a = 15^, find t. 



CHAPTER XXX. 

PARTIAL DIFFERENTIATION : APPLICATIONS TO SOLID 

GEOMETRY. 

69. PARTIAL DIFFERENTIATION. 

I. It is shown in solid analytic geometry that the locus of the 
equation a;" -f~ y" "h ^" — r^ = 0, is the sphere whose centre is at 
the origin and whose radius is r : also that a? z= a, y =: 6, and z = c 
are the equations of planes perpendicular, respectively, to the 
35-, y-, and * 2;-axes. Solving the equation of the sphere for z we 
get, 

(1) z=z dz Vr^ — x^ — y^. 

If we give to x and y the values a and 6, where a<^r and b <^r^ 
two values of z are fixed by ( 1 ) , which represent the perpendicular 
distances of the surface of the sphere from the point (a, b) in the 
d;^-plane. 

If we give to y the value &, <^ r, but do not assign a value to a;, 
then (1) will not determine z; and z will be a function of x. 

Indeed, the combined equations, y =^b and « = ± V r^ — ar* — y* , 
will be represented by the circle in which the plane y = b cuts the 
sphere. 

In like manner we may give to a: a value a;, <^ r, and z will then 
be a function of y. 

It is plain that we may vary z in three ways : ( 1 ) by varying a;, 
keeping y fixed; (2) by varying y, keeping x fia^d; or (3) by vary- 
ing both x and y. It is plain also that fixing values of x and y will 
fix two corresponding values for z ; and that z cannot be fixed unless 
both a; and ^ are fixed. 

In such a case we call z a function of the two independent variables^ 
X and y. 

General symbols for such functions are, zz=if{x^y)^ 2 = <^ (a;, y), 
etc. 

* The axes are three mutually perpendicular lines, which determine three 
mutually perpendicular coordinate planes, called the xy-, xz-, and y2r-plane8. 
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II. Let us consider a function, 

(2) zz=f(x,y), 

of two independent variables, x and y. Give to x the increment Ao;, 
keeping y fixed. Then z will take an increment (which we shall 
represent by the sj^mbol A^z) which will be given by the formula, 

(3) ^,z = f(x + Aaj, y) —f(x, y). 
Divide (3) by A a; and we get, 

^x« _ /(« + ^«» y) — /(»5 y) 



(4) 



Ao; Ao; 



If the ratio in (4) approaches a limit when Aa = 0, we shall call 

that limit the partial derivative of z with respect to x ; and shall 

dz 
denote it by the symbol^* -^ ; that is, 

o X 

(?,\ ^ - ^™ r^1 - ^™ r /(a? + ^«>y)— /(a^>y) "| 

^ ' dx ^ Aaf=;:OLAa?J "" A«=OL Aa? J' 

In like manner, 

(^\ ?^ — ^"^ r^"l — ^™ r /(^i y + ^y) — /(a?> y) "l 

^ ' ay - Ay^oLAyJ ~" Ay=l.0L Ay J' 

is the partial derivative of z =/(«, y) with respect to y. It 

is derived on the hypothesis that a; is a constant for the time being| 

and y is independent variable. 

Partial derivatives, as defined in (5) and (6), are calculated for 

the ordinary functions by the same formulae as the ordinary deriva- 
tives which are defined in § 9. 

dz , dz 

~y 

z = sin (a? + y), ^^ = cos (a? + y), and ^ = cos {x + y). 



e7 Z V 

For example, if 2; i= aa? + 6y + c, ^- = a, and ^ = 6. If 

^ ^ ^ ^ ox 



dz — X dz — y 



' * This symbol may be read : Roundrd-z over round-d-x. 
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III. The partial differentials of % with respect to x and y^ may 
be defined by the aid of (5) and (6). If we denote the partial 
differentials of 2, respectively, by d^z and d^z we have, as defi- 
nitions, 

(7) dz =z ^- da, d^z = ^- dy. 
^ ^ ^ ox oy 

Here dx and dy are the ordinary differentials of x and y. The 
first equation in (7) defines the partial differential of z with respect 
to X ; the second defines the partial differential of z with reject to y. 

The sum of the partial differentials is called the total differential 
of z. Denoting it by d 2 we have, as a definition, 

dz dz 

(8) dz = -^ dx -j- :^ dy, 
^ ^ dx ^ dy "^ 

Dividing this total differential of z (1) by do;, (2) by dy, we 
have, 

dz ^^ j_ ^^ ^y 

^ ^ dx dx * dy dx^ 

dz dz dx ^^ dz 

^ ^ dy dx dy dy 

Equation (9) will define the total derivative of z with respect to 
X, and (10) will define the total derivative of z with respect to y, 
when« =/(a!, y), 

IV. If 2 = /(oj, y) = 0, then /(a?, y) = presents y 



dz 
implicit function of x (see § 2), and — = 0. In this case we may 

ax 

put the right member of (9) in the form, 

(11) ^/(^^ y) I ^f(^y y) ^ = 0. 

^ ^ dx ^ dy dx ' 

Whence, 

(\^\ ^ — _ ^/(^^ y) jL. ^/(^> y) 

^ ^ d» •" dx ' dy ' 

Equation (12) is a general formula for the derivative of y with 
respect to a, when y is an implicit function of x. For example, if 
/(aj, y) = sin (« + y) + logo? — e» = 0, we get by using (12), 



dy __ 
dx 



= — rcos(aj + y) + -J -^ rcos(a; + j^) _ e* J 
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dy 
Formula (12) will enable us to find the slope, -p , of any curve 

/(a?, y) =L even when we can not solve the equation for either 
X or y. [^Compare §§9 and 11.] 

Exercises, 

1. Verify the general formula 5^^- = ^— ^ , where f=f(,x, y) = 0, 

CxOy Oyd^ 

for the following expressions : — 

(a) f^^ax* + by* + ^exy + 2dx + 2«y + ^r = 0; 
(6) /= sinx logy + cosy «•»"*. 

dy d^y 

2. Find 3^ , and 3-^ for the two expressions (a) and (h) in Ex. 1. 

ax dx' 

dz dz 

8. Find dz, -j— ^ and 3- , when, 
ax dy 

(a) z = — , or X y ar = a' ; 

^ ^ «y ^ 

(5) ar = v^x« + y« ; 
(<?) z = e* log sin y ; 

(d) z = tan-' ^ . 

X 

V. If «7 = / (a?, y, 2;) is a function of three independent variar 
bles, we may define (as in II and III above) tJie partial derivatives 
and partial differentials of w with respect to Xy. y, and z. For the 
partial differentials of w we should have. 

For the total differential of w we have, 

(14)» d«, = !/d. + |/d.v + |{d.. 

The formulae for the three total derivatives of w with reject to 
a, y, and «, respectively ^ may he formed from (14) by dividing 
successively by dx^ dy^ and dz. 

* The 1^ , etc., in (13) and (14) are abbreTiations for ^-^^^A ^' "^ , etc. 

Ox Ox 



(18)» d,w = g^ daj, a.« = ^ dy, d.u> = '^ dz. 
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If *o = /(a?, y, z) := 0, then dw in (14) is zero. * 
A notation for the partial derivatives of f^f(x, y, z) ■=. 0, 
which is sometimes very convenient, is the following : — 

Denote |{ by /:, |^ by /;, and |{ by/;. 

We may then use the symbols fx^fL^fg to denote the values 
of the partial derivatives of f{x^ y^ z) =z at the point (aJi, y^, Zj) ; 



that is, f^ ^ 'Ji^ 



, etc. 



Exercises, 

1. The equation f(x,ytZ)^Ax + By + Cz + 2? = 0, in rectangalar 
space coordinates, represents a plane. The normal to the plane from the origin 
makes the angles a, /3, and 7, with the x-, ^-, and z-azes. Let \ = cos a, 
/A = cos/3, and v = cos 7 be the direction cosines of this normal. It is shown 
in solid analytic geometry that, 

\ = A-i-Jff, tA= B-i-JI^ and »= (7-^ J7, where ff=^± ^/(A* + B* + (P). 

Prove that, 

^=fx + J'''=fy^J^ and ,=/; + j; 
where J'= ± ^(^ +/; +/*)• 

.2. , Giyen that the plane, 

(» - ».)/4 + (if - y.)/;. + (^ - '.)/; = 0. 

is tangent to the surface /(x, y, z)= at the point P^. Find the equations of 
the tangent planes Of the following surfaces at the point P^ : — 

(a) The sp*er«, «« + y« -f z* - a* = 0. 

Ans. x^x 4- yiy + siiZ — a* = 0* 

i ■ 
- . O A O 

(5) The ellipsoid, ^ + |L -|- ^ = l. 

a if 

Ant. '^ + ^-1^ + ^ = 1. 

8. Find the direction-cosines of the normal to each of the tangent planes 
found in Ex. 2. These will, obviously, he the direction-cosines of the surface 
ai the point P^. 
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4. Giyen that the equations of the normal at Pj to the surface /(x, ^, z) = 
are, 

g- «i ^ y - yi _ ^- ^1 . 

J^ Jv\ Jh 

find the equations of the normals at P^ to the surfaces whose equations are 
given in Ex. 2. 

5. The locus of two simultaneous equations, )*'^'3f» ;~Jt« fht 

\ 4>(x, y, 2r) = S 

curve of intersection of the two surfaces f(j3ty y, 2r) = and (x, y, z) = 0. 
Giyen that the equations of the line tangent to this curve at the point P^ are, 

g~ «! ^ y - yi „ g- -gj . 

.L M " N ' 

and that the equation of the plane through P, (called the normal plane) perpen- 
dicular to the tangent is, 

(x — x^ L + (jy — yj if -f (ar — z^ N= 0; where 

Show that the equations of the line tangent at P^ to the curye in which the 
sphere of* + y* + 2r* = r* is cut hy the cylinder, a^ + y* = rx, are, 

Cr(x-x,)+2z,(z-zJ = ) . 

^ ^yi (y - Vi) + ^i(r- 2x,) (z - z,) = S ' 

and show that the equation of the normal plane at P^ is, 

2yiZ,x + sii(,r — 2x^)y + ry^z = 0. 

6. The equations of the helix are, 

«* + y* — r' = 



/'x' + y* — r" = 0^ 
y y — X tan - = C 



Show that the equations of the tangent line are, 

( c(x - xj + yi (ar - 2rj) = ) ^ 

ic(y-y^)-x,(z-z,) = OS ' 
and that the equation of the normal pUme is, 

ViX — x^y — e(z — z^) = 0. 

7. Find the equations of the tangent to the circle in which the plane, 
ax-\-by + cz— 1 = 0, cuts the sphere^ x* + y* + a:* — r* = 0, at the point P^. 

8. Find the equations of the tangent to the ellipse in which the plane^ 
ax + by + cz — I = Oy cuts the cylinder, x* -}- y* — r* = 0. 
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9* Given that the differential, ds, of the length, s, of a space cnnre is, 

d$ = '^da^ + dy* + dz* ; 
find the lengths of the following curyes : — 

(a) The helix, x = rcos0, y =■ rsin^, z = a4>, 

(b) The curve, a* = 2j?y, «• = 2grar. 

(c) The curve, of* + y* + z* = r*, x* + y* = rx. 

[Suggestion. In (c) transform to polar eodrdinates by the formula, 
X •=. rsind cos0, y = rBinO 8in0, and z = rcos^?. 

10. Given that the direction-cosines at (x, y, z) of a space curve are, 

dx dy dz 

cosa = -3-, cos/3 = -T^, CO87 = -^- ; 
ds ds ds 

find the direction-cosines of the helix, x = rcos0, y = rsin^, z = ft^. 



CHAPTER XXXI. 

MULTIPLE INTEGRATION : APPLICATIONS TO AREAS, SUR^ 
FACES, AND VOLUMES : CENTRES OF GRAVITY : MOMENTS 
OF INERTIA. 

70. DOUBLE INTEGRATION: APPLICATIONS. 

I. The area of the rectangle, Mj, Q, in fig. 35 may be obtained by 
a summation, or integration, similar to that explained in §§31 and 
33. It is as follows : — 

Divide the altitude Mj^Pj,^ ^ y^, into m equal parts, of which 
ADj =: ^j -7- m, is one. Call it dy. Then lim [dy] = 0. Con- 

Wl = oo 

struct the m rectangles on the divisions of ^^9 — ABCD is one of 




JH^MM^. 



them. Call the common base of these rectangles,, A. Thea^ area 
ABCD '^ AB X AD ^ hdy; and the area of the rectangle Mj,Q 
is, 

(1) M,Q=J^^hdy= fhdy=zhy,. 

m — co Q J 



In this J y is independent variable and k is constant. 
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Let us consider the area under the arc PoPn ^^ t^® curve BS 
whose equation is y=:f(x). Let OJfo =: a, OM^=bj and 
OM, = x,. Then y,=f{x,) = M,P,. 

We have shown in § 31 that the area under PqP^ is the limit 
of the sum of n rectangles inscribed under Po^«« ^^ ^tQ ^^ 

one of the n rectangles. Then the base is Jf^Jf^+i := — - — - = 

b — a 

1=1 dx; and this is equal to the h in equation (1). Re- 
placing h by dx^ we may express the area under PoPnj ^ shown 
in § 31, by the formula, 

(2) (?= ^™ S-af,Q= ^"^ If ^™ idxdyl 



=z I jdxdy \^ I jdxdy. 

a ' a 



This is a double summcUion^ or double integration; firsts with 
respect to y as independent variable, in which operation do; is a 
constant as the ^ is in (1) ; and, secondly^ with respect to x. The 
result expresses the area under the curve y := f{x) , between the 
parallel lines x ^ a and a; = 6. Formula (2) is called a double 
integral. 

The identity of formula (2) with formula (16) of § 33, p. 70 may 
be seen by noting that if dx is a constant, for the time being, we 
have, 

by ^ X * 

(3) ^= / fd^dy^ f f dy^dx= jydx; 



since 



jdy = y. 

Hence, (2) may be obtained from I ydx by putting I dy for y. 

In using (2) we must replace y by f(x) in the second integration ; 
or, we may put (2) in the form, 

b /(«) 

(4) ^ = / A® ^^- 
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II. If the area, G, is bounded by two curves, y= ^{x) and 
y =/(2;), and the two parallel lines x =: a and a? = 6, we should 
get, 



= I jdxdy. 



(5) G 

d 0(x) 

In short, (4) is the special case of (5) in which the lower bound- 
ary of the area is the line y = ^(o?) =z 0, or the x-axis. 

III. If the area is included between two curves, x = ^(y) and 
X =: /(y), and two parallel lines, y =: c and y = d, we should get 
the following double integral value for the area : 

d Ay) 

c 0(y) 

If the area is included between the y-axis j the curve x = f(y) , and 
the parallels y =^ c and y =z d we get, 

(7) ^^ f f^y^^' 

c 

IV. A double-integral formula may be obtained for areas in polar 
coordinates; for (see fig. 30, p. 151) the area of the sector, OPR^ 

r 

is -r^dS =. Irdddr^ in which d^ is a constant. Then, the 



whole area OPqP^ is, 

= / frdOdr; 



K tf« 



when r =zf($) is the equation of the curve AB in fig. 30. 

V. Double-integral formulae for the volume, and for the surface, 
generated by rotating the curve y := f(x) about the o^axis, may be 
obtained from (5), p. 91, and (4), p. 149. These are. 



b Ax) b 

(9) E = 2ir I jydxdy^rr fy^dx^ 

a a 
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for the volume generated by the area under y =. f(x) between x =z a 
and X = b; and^ 

b fix) b /(x) 



(10) F=2irj idsdy = 2 

a 




for the area of the surface generated by rotating y =: f(x) about the 
X-axis, 

If the curve x = f{y) is rotated about the ^-axis, we get, 



(11) E = 2irl I xdydx ^w jx^dy; 



c c 

d f^y) d fly) 



(12) F =2ir I J dsdx =2 w I / \ 1 + (^) dydx; 



for the volume^ E^ and the area^ F^ of the surface generated. 

The student has noticed already, no doubt, that double-integration 
is a partial integration, — analogous to partial differentiation, in 
that one variable is, for the time being, a constant. 

Exercises. 

1. Find by double integration the areas of the following euryes : — 

(a) The circle y a* + y* = a* ; 

(b) The elltpsey 5«x« + a*y« = a»5» ; 

(c) The asiroidy x* + y* = a* ; 

(d) The lemniscaiet r^ = a* cos 2 ; 
(«) The eardioidf r = a (1 — cos 9). 

2. Find the volume, and the surface, generated by rotating about the x-azis 
one arch of the companion to the cycloidy 



( X = a0 > 

^ y = a(l — COS0) \ ' 



3. Show that the yolume of the sphere, x" + y* + j»* = o*, is 

a vd" — «*• 



F= 8 J f%/a*-a*-y*dxdy= | xa*. 
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X* V* 2?' 

4. Show that the volume of ihe ellipsoid , — i+Ti4--o = l»i8, 

a (r 



a -ya>-xi 



6. Show that the volume cut off ihe elliptic paraboloid^ -r -h — = 2 a;, by 

c 

the plane x = a is, 

F=4-ypJ' j ^2hx - y* dxdy = va^^/bc. 

6. Show that each of the integrals in Ezs. 3, 4, and 5 can be expressed in 
the form of a triple integral, 

f> /(«) 0(«.y) 
Vol. = KC C Cdxdydz. 
a 

Find the limits of each integration. Illustrate with a figure the geometric 
significance of the three successive summations effected by the three successive 
integrations in each problem. 

7. Find the volume enclosed by the xy-plancy the plane, z = mx, and the 
cylinder J x* + y* = a*. 

Ans. ^= o *'•*• 
o 

8. Find the volume common to the two cylinders, x^ + y* = a* and 

X* + z* = a«. 

Ans. V— • 

9. Find the volume common to the paraboloid of rotation, y^ + z* = 4cax 
and the cylinder, x* 4- y* = 2ax. 

Ans. V= {2ir + ^\a^. 

10. Given that, when z = /(x, y) is the equation of a surface {axes reet- 
a/ngular) , the integral formula for area of surface is, 

fHnd the areas of the following surfaces : — 

a) That cut off the sphere, x^ + y* +■ ^ = a* by the cylinder, 

X* + y* = ax. 

Ans. S = 4o*. 

b) Of the solid in Ex. 8. 

Ans. 8 = 16 a«. 

e) The convex surface of the solid in Ex. 7. 

Ans. 8 = 4a'm. 
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71. STATICAL MOMENT AND CENTRE OF GRAVITY. 

A. Statical Moment. 

Let the area MqM^P^Pq in fig. 35 be one of the two equal faces 
of an indefinitely thin material solid, or lamina, of perfectly uniform 
thickness and density ; so that any two parts of it whose faces have 
equal areas will have exactly the same weight* 

Conceive this lamina to be rigidly attached to OX, and held 
fixedly in a horizontal position. Gravity will then act on each 
particle of the lamina in a direction perpendicular to the plane 
surface, MqP^; and the sum of all the gravitational forces acting 
on these particles will yield a total force tending to turn the lamina 
about OX. This tendency to turn about OX is just balanced by 
the equal opposing force which holds the lamina in a horizontal 
position. 

Any portion of the lamina, as ABCD^ will exert a turning force 
about OX, which will depend upon (1) the area of its surface, 
(2) its distance from OX, (3) the thickness of the lamina, and 
(4) the density of the material of which the lamina is composed. 
The last two elements are, by hypothesis, constants throughout the 
lamina. Together, they determine the weight, m, per unit area of 
the lamina. 

It follows from mechanical principles that the turning force exerted 
by the poHion of the lamina whose surface is ABCD^ will he 
measured by the product of the area of ABCD by the distance MP^ 
multiplied by the constant m. 

Let us call this product the statical moment of the area ABCD. 
Denote it by dS^ and we have by definition, 

(1) dS^ = m X MP X area ABCD. 

Let y=if(x) be the equation of the curve Po^m a^id let the 
area MqP^ be divided into parallel strips as explained in § 70. Let 
the coordinates of P be 0M= x and MP = y. Then the area 
of ABCD = AB X AD = dxdy; and (1) gives, 

(2) dS^ = mydx dy. 

This is the staiical moment of ABCD about OX. 
In like manner the statical moment of ABCD about Y may be 
dejiited as^ 
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(3) d8y=L mxdxdy. 

Now, the statical moments of the rectangular strip Jf»Q about 
OX and Y are, evidently, the following partial integrals : 

y* 

/m 
mydxdy = — y^^ dx ; 



y* 



(5) <^^y= I mxdxdy =1 mxy,,dx. 





The limit of the sum of the statical moments of the rectangular 
strips JftQ, etc., will obviously be the statical moment of the entire 
lamina, MqM^P^Pq. Integrating (4) and (5) between OMq = a 
and OM^=i b we obtain,* 

by b 

(6) S,=Jjmydxdy='^fy^dx, 

a a 

for the statical moment of the lamina about OX; and^ 

by b 

(7) Sy =. I lmxdxdy=zm jxydx^ 

a a 

for its statical moment about OY; where m is the weight per unit 
area of the lamina. 

B. Centre of Gravity. 

Expression (6) furnishes a value for the statical moment, S^^ of 
the entire area MqP^, obtained by a double summation extending 
over the whole surface of the lamina; thus obtaining the total 
statical moment about OX by finding the limit of the sum of the 
statical moments of infinitesimal parts of the lamina. 

Conceive, now, the total turning effect of gravity on the lamina 
to be replaced by a single force just equal to it, applied at such a 
point, Kg^ that the turning effect, or statical moment about OX, of 

♦ The yu in (4) and (6) is the ordinate of a point P* on the curve y = /(») . 
The point is not restricted in the integration, hut varies from P^ to P^. Hence j 
in (6) and (7) we may replace the upper limit yu by the general ordintJ^e, y. 
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the single force, is exactly equal to the total of the statical moments 
of the parts of the lamina, as found in (6). 

The single force will be m mvlliplied by the area of the lamina; 
and, since this is a force of fixed amount and its statical moment is 
also fixed [being equal to S^, in (6)], the distancie from OX of its 
point of application, Kg^ is fixed. Call this distance y {read it 
y-dash). Then y is the ordinate of Kg, By the conditions ex- 
plained we should have, 

(8) S^-=.yy,mX ctrea of lamina 

by b 

■=. ym C C dxdy =z ym f ydx ; 

a a 

where y =i f(x) is tJie equation of the arc PqP^. Setting the values 
of Sj^ from (6) and (8) equal to each other and solving for y w« get, 

by b 

C I y dxdy fy^dx 

(9) y=' " 



by — b 

C Cdxdy 2fydx 

a a 

This equation determines the ordinate, y, of the point, Kg^ but 
does not determine the point further than to limit it to the straight 
line, y z= y^ parallel to OX. 

But we may apply the same considerations to Sg in (7), and ia 
like manner obtain the abscissa, «, (read it x-dash) of the point. Kg, 
We should obtain, 

by b 

(10) Sg =1 xm f Cdxdy = xm fydx, 

a a 

Whence, comparing with (7) and solving, we find, 

by b 

C Cxdxdy Cxydx 

(11) i = » • - " 



by b 

C Cdxdy Cpdx 

a a 



This point. Kg (5, y), is now determined, and can be found for 
a given area under the curve, y =/(«), whenever we can find the 
values of the integrals in (9) and (11). 
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It is called The Centre of Gravity of the area. 

The student will observ^e that the m disappears in (9) and (11). 
Hence the position of iT^, relatively to OX and F, is independent 
of both the thickness of the lamina and the material composing it ; 
provided the lamina is of perfectly uniform thickness, and any two 
equal areas have the same weight. 

From the mathematical point of view, it is of no consequence 
whether the' student regards equations (9) and (11) as arbitrarily 
defining ^^ centre of gravity,''* or whether he regards them as deduced 
from the preceding mechanical considerations. In any event, these 
considerations will inform him as to the mechanical interpretation 
of formulae (9) and (11) ; and will outline the method by which 
he may solve other mechanical problems concerning the centre of 
gi'avity of a lamina, or plane area. 

Other formaifli for the centre of gravity are given here for reference. In each 
ease the object is assumed to be of uniform density. 

If r=f{0) is the polar equcUion of a eurvey the centre of grcuvity of the 
iteiorial etrea between the ewrve and two rad44rf>eetores correepondinf to = $^ 
and 0= Bn '"^H ^ given by the formula^ 

Bn r e^ 



f Cr'coBedBdr fr^coaede 



^ ^ Bf^ r SB, 



C CrdSdr f^^^ 

^ B, 

^n r B^ 



f Cv^ainBdBdr Cr^BinedB 

- 6^ 2 ft, 



r CrdBdr Cf^dS 

Bo B^ 

If the curve yz=f(x) is rotated ahoui OXy the centre of gravity of the 
▼olttme generated by the area under the curve from x = a to x= b will be 
given by y = Oj and, 

by b 

I I xydxdy I xy*dx 

(U) X = 



by b 

J Cydxdy Jy^dx 
a a 
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and the centre of gravity of the surface generated by ike a/re of y =/(x) between 
s = a and s = 5, when the a/re is rotated aJ>out OX^ie the point y = and^ 

b 
I xy^ d^ + dy* 

(16) x = ^ . 

jy^da^ + dy^ 
a 

The centre of gravity of a fine wire bent into the form of an a/rc of the curve j 
y =/(x), will be given by theformtUce, 

h b 

(%-/dQ?Ardy^ Cy^dti^+dy* 

— a a 

(16) .^- . y = ._ 



(^ d^ + dy^ C^d3? + dy* 



For other formuln, and for demonstrations of these here giyen, the student 
shonld consnlt a good treatise on analytic mechanics. 

Exercises, 
Find the centre of grayity of the following : — 

1. Of the area of ike triangle^ y = mx^ y = m^s, x = h, 

Ans. « = —- . 

o 

2. Of the area of the circular sector ^ r= a; (1) from 9=— ato = a; 
(2)a = ^; and (8) a = |. 

. ,,. - 2asiha ... - io-s/^ ,„ - 4a 

Ans. (l),= -^g_; (2),= _^-_; («),= _. 

3. Of the area nnder one arch of the cycloid, 

« = o(0 — 8in0), y = a(l — COS0). 

J, - —5a 

Ane. x= Ta, y = — - . 

6 

4. Of the area of the first quadrant of the ellipse, 6'x* + a'y* = a*b*. 

. - 4o - 46 

Ans. , = -,y = _. 

6. Of the area of the first quadrant of tJie astroid, x^ + y^ = a'. 

. - — 256a 
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6. Of the area of i?ie eardioidj r = a (1 + cob0). 

7« Of the area of a loop of the cunre, r = a cos 2 B, 

- 128a-/2 - ^ 

8. Of the volume of ihs cone whose altitude is hy generated by rotating the 
line, y = mxj about OJT. 

Ans. X = -J-. 

9. Of the volume of the epherieal sector generated by the circular sector cut 

off the circle, x* -f y* = a*, by the lines, y = ztana and y = 0. 

3 

Am. * = Q *(1 + cos a). 

o 

10. Of the volume of the paraboloid whose altitude is h, generated by ro- 
tating the parabola, y* = ip x, about O X 

- 2h 
Ans. X = -^. 
o 

11. Of the area of the spherical zone cut off by the planes x =■ h and x •= e 
from the sphere generated by oe* + y' = a*. 

Ans. 5 = - (6 4- tf). 

12. Of the semircircumferenee of 2' -j- y* = a* above the x-axis. 

2a 
Ans. X = 0, y = — • 

13. Of ^^ arc of one arch of /^ cycloid^ x = a{</> — sin0), y = a(l — cos0). 

Ans. X = ira, y = -^ • 

o 

14. Of ^^ arc of the ceroid, x' -|- y' = a' , in the first quadrant. 

- . 2a 
Ans. X = y = — • 

72. MOMENT OF INERTIA AND RADIUS OF GYRATION. 

A, Moment of Inertia. 

The Moment of Inertia of an infinitesimal body^ or particle^ with 
respect to an aads is the product of its mass * by the square of its 
distance from the aads. It may be denoted by !• 

* The mass of any body is its weight divided by the gravitation constant, g. 
Mcus is jointly proportional to volume and density. 
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The moment of inertia of an arc (a material curve or Hne) or of 
an area (an indefinitely thin lamina) or of a material solid^ with 
respect to an aaciSj is the sum of the moments of all its particles 
with respect to that axis. 

For example, the moment of inertia of the homogeneous lamina 
MqP^ in fig. 35 with respect to OX can be found as follows : — 

The mass of the part ABCD is equal to the product of the area 
AB y, AD^ :=i dx dy^ by the mass of unit area, which may be 
denoted by m. Let MP^ = y, be the distance of the infinitesimal 
element, ABCD^ from OX. Denote the moment of inertia of 
ABCD with respect to OX by dl^. Then we have by definition, 

(1) dl^ = {MPymdxdy =i my^dxdy. 

The moment of inertia of the rectangular strip M^Q about OX 
will be the limit of the sum of the moments of its parts, — of which 
my^dxdy is one. This may be obtained by the summation in 
which y varies from to ^j^ by the equal infinitesimal increments 
dy, = AD^ and in which die, = AB^ is a constant. This may be 
obtained by integrating my^dxdy from to y^^ . In short, if we 
denote the moment of inertia of the rectangular strip ^ J^kQ^ l>y ^^x 
we get, 

C m 

(2) dl^ = m jy^dxdy = - y^dx. 



The moment of inertia of the lamina, MqP^, about OX will be 
the limit of the sum of the moments of inertia of such rectangular 
strips as Mj^ Q ; that is, will be the limit of the sum of the terms d I^ 
given by (2) when x varies from a to 6. 

Denote the moment of inertia of the lamina MqP^ about OX by 
I^ and we have, 

by b 

(3) I^zzimi jy^dxdy = ^ jy^dx. 

a a 

This is a general fo7*mula for the moment of ineHia about OX of 
the area (or lamina) under a curve, y=zf(x)^ and between the 
parallel lines x =i a and x =l h; provided the lamina is of perfectly 
uniform thickness and density. 
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In a similar maimer, if we denote by ly the moment of inertia of 
the lamina^ ^o^ni oibo'^ OT we shall obtain, 

by b 

(4) ly =: m C fx^dxdp = m xx^ydx, 

a a 

If an axis is drawn through O perpendicular to the plane XOY 
the moment of inertia of the lamina, MqP^^^ with respect to this 
axis may be shown to be, 

by b 

(5) 7^ = mf fix' + y^) dxdy = mfix'y + Jy«)da?. 

a a 

This is called the polar moment of inertia of the lamina. 
If a homogeneous solid is bounded by the surface, z z=z f{x^ y) 
[rectangular space axes, OX, OF, and OZ being used] the solid 
may be cut up into infinitesimal elements by three sets of parallel 
planes peipendicular respectively to the three axes, and at distances 
dx, dy^ and dz apart. An infinitesimal element of the mass of the 
solid will be m dx dy dz^ where m is the mass of unit volume : and 
the moment of inertia of the entire solid about each of the three 
axes can be shown to be, 

(6) /, =:fffm{x^ -f y^)dxdydz, 

(7) /, =1 j j jm{x^ + z^)dxdydz, 

(8) I,=fffm(y^ + z^)dxdydz. 

The limits of each of the three integrations in ea^h of the three 
formulce must be supplied by a study of the given surface. For 
example, if it is the sphere, oi^ -\- y^ -\- z^ ^^ r*, we get, 

(9) I,= SmJ J j{x^ + y^)dxdydz. 







Eocercise. 
Find Ig from equation (9). 
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The student will have little difficulty in adapting formulae for use 
when the moment of inertia of a curve is sought. In this case the 
infinitesimal element of mass is^ 

(10) . mds = m Vdaj* _^ dy^, 
for a plane curve y = f{x) ; and^ 

(11) mds = m ^dx^ + dy^ + dz\ 
when it is a space curve ^ and m is mass of unit length, 

B. Radius of Gh/ration. 

Denote by M the entire mass of a given body (solid, or lamina, 
or curve). Let / represent its moment of inertia with respect to a 
given axis. Let k be such a number that, 

(12) Mk^ = / , or k= V/-^- JJf. 

TJien k is called the Radius of Gyration with respect to the given 
axis. 

If the body is a line or cur^'e, M z=z m X its length ; if it is a 
lamina, M = m X drea of lamina ; and if the body is a solid, 
M =1 m X volume of solid. 

In each case m = mass of unit length, or of unit area, or of unit 
volume, according to the body treated. 

If a body is conceived as rotating about the axis with respect to 
which its moment of inertia is taken, it will behave, dynamically, as 
if its whole mass were concentrated into a thin circular ring whose 
radius is A;, = radius of gyration, and whose axis is coincident with 
the axis of rotation. 

Example. 

Find the moment of inertia, and the radius of gyration, of a circular lamina 
of radius a about a tangent to the circle. 

Solution. Th^ equation of a circle referred to a tangent and diameter as 
axes is, z* + y' — 2ax = 0, when a = radius and the y-ajoa is the tangent. 
Taking moment of inertia about O V we get, 

2a y 2a 

(13) If,= 2m C Cx*dxdy = 2m Co^^2ax — 7? d% 



IT 

= 2a*w j (co8'0 -I- 2 sin cos' 0+ sin* cos* 0) <i - j tca^m. 

_ir 
2 
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IThe radical V2ax — «•, = v «« _ (x — a)*, is rationalized by putting 
s — a = asin^.] 

The mass, M^ of the circle is w X a^ea = va^m. Substituting in (12) we 
get, 



/5 



ky = -%/j ira*m -5- ira^in = ^'^6 , 



which is the radius of gyration of the circle of radius a about one of its 
tangents. 

Exercises, 

Find the moment of inertia and the radius of gyraiion of the following : — 

1. Of the rectangular lamina whose edges are a and b about an axis 
(1) through a vertex, and normal to its plane; (2) through the intersection of 
its diagonals, and normal to its plane. 

Ans. (1) 1= J (a« + 6»), k=^ ^8 (a* + b*) ; 



(2) 



/= ^ («• + i*), A: = ^ ^12(a« + 5*). 



*2. Of the rectangular la/mina whose edges are 2a and 2b about an axis 
normal to its plane, and at a distance c from the intersection of its diagonals. 

Ans. /= :|^ (a« + 6« + 3c*). 
o 

3. Of the circular la/mina whose radius is a about (1) a diameter; (2) an 
axis through its centre, and normal to its plane. 



Ans. (1) I=M-j-,k=^; (2) I = M ^ , k = 



4 ' 2 ' ^^ '" 2 ' 2 

4. Of an elliptical lamina whose semi-axes are a and b about (1) its major 
axis ; (2) a normal to its plane through the centre. 

Ans. (I) 1= M^, k= ^; (2) /= if ^ , A; = ^^a« + 6« . 

5. Of a straight line whose length is a about an axis through one end, and 
normal to it. 

Ans. 1=1 Ma^; k=%^S. 
o o 

6. Of an arc of the circle whose radius is a, and whose angle at the centre 
is 2a, (1) about the normal to the plane of the circle through the centre; 
(2) about an axis through the middle point of the arc, and normal to its plane. 

Ans. (1) 1= Ma* , k= a; (2) /= 2jlfa« A - ^^V 
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7. The / and k of & solid of rotation may be foiuid by diyiding it into thin 
circular laminae perpendicular to its axis. If y =f{x) is the generatrix, and the 
rotaUon is aboat the ap-axis, then rmy^dx is the maaa of one of the circvlar 

laminae, and (by Ex. 3) its radius of gyration is ik, = ^ • Hence, the Ix of one 

of the laminae is k^^ X mass = ^ X rmy^dx: and the I^ and the kjg of the part 

of the solid included between two parallel planes x = a and x= b are, 

b b b 

4 = "2" J y*^*» a°d k^* = -J y*dx -f- J y*dx. 



a 



8. Find I and k about the z-axis for the cylinder generated by rotating about 
QJ[ the area under the line y = c, from x = a to x = b, 

Ans. 1 = I Mc^; ** = o * 

9. Find / and k about, the x-axis for the sphere generated by z' + y' = a*. 

2 2a* 

Ans. I — -z Ma*; k* = -z- • 
5 5 

10. Find / and k about the x-axis for the right circular cone generated by 

a 
the area under the line y = - x, from x = to z = ^. 

n 

Ans. I = — Ma* ; k* = -j^ . 

11. Devise a method and find k about the x-axis for the spherical shell 
generated by the circumference of the circle, x* + y* = a*. 

a 



\ r 2 a* 

Ans. k* = ^ i y* X 2iradx = -5- 

4 IT a* J o 



— a 



12. Find / and k about the x-axis for the elliptical cylinder whose semi-axea 
are a and &, and whose altitude is h. 



Ans. I = M 



^+i!.i=ly^TT«. 



X* y* 21* 
18. Find / and k about the x-axis for the ellipsoid^ -^ + ^ + -5 = !• 

Ans. I=^(b* + (^); k= iv^6(6* + c»)- 
5 o 



CHAPTER XXXII. 

VELOCITIES, RATES, AND ACCELERATION. 

73. VELOCITIES, RATES, AND ACCELERATION. 

A. Uniform Velocity. 

Let a point, P, be in steady motion along any continuous path 
{straight or curved) ; so that in all equal time-intervals, however 
chosen, P will traverse equal space-, or distance-, intervals. Then 
the space, or distance, traversed in unit length of time, is the same 
everywhere throughout the motion; and the motion is called 
uniform. 

In uniform motion the distance traversed in unit time is called 
the velocity of uniform motion. It is constant. It is called, 
also, rate of motion. 

If we denote the velocity of uniform motion by v, then the space, «, 
traversed in time, i, will obviously be given by the equation, 

(1) 8 z=^ vt^ whence v =i s -^ t. 

This equation being true for any time, i, whatever, provided the 
space traversed in that time is s, it follows that : — 

The velocity of uniform motion may be obtained by dividing the 
length of any part of the path whatsoever by the time consumed in 
traversing it. 

By the velocity of P al any point P of its path, is meant : the 
space which P will traverse in the first unit of time after passing P. 
In uniform motion the velocity at all points is the same, or is 
constant, and does not depend upon either the position of P or 
upon elapsed time ; hence, v is not a function of t. 

B. Variable Velocity. 

Let the motion of P along any continuous path {straight or curved) 
be such that in any series (however chosen) of successive, equal 
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time-intervalB the successive, corresponding space-intervals traversed 
are unequal. These space-intervals may be increasing, or decreasing ; 
or may now increase, then decrease, or vice versa. To fix the ideas, 
let the spaces be assumed to be all the while increasing ; that is, let 
the speed, or rate of motion, be increasing. 

In this case it is obvious that if s' denote the distance of P* 
{which is any position of P) from the fixed point. A, of its path 
(see fig. 36), and if t' denote the time (measured in terms of some 
convenient time-unit) consumed in traversing s\ then the number of 
space units traversed by P in unit-time will continually increase, as 
P moves towards B ; and " velocity " as defined for uniform motion 
is wholly indeterminate. There will be as many "velocities" as 
there are positions of P between its first and last positions. In 
short, the "velocity" of P is a variable, and is a function of time 
reckoned from the beginnihg of the motion. 

A measure of The velocity of variable motion at a given point 
or instant, may be obtained as follows : — 

J ^' P' Q R „ 

1?' -— i^' + Av 

Fig. 36. 

Let P* be the position of P at end of time V after passing A. It 
is required to find the velocity, v\ ofP&tP; that is. How far 
would P move in unit time after passing P if the motion instan- 
taneously became uniform at P, and remained so during unit time f 

Give t' the increment A^; and let As, == PR, be the space 
traversed by P in time A^ Since the speed is, by hypothesis, 
increasing, the velocity of P is greater at B than it was at jP. 
Denote the velocity of P at B by v' -\- Av ; then Av is positive 
and -y' -(- Av ]> v'. 

The ratio As -7- A^ is obviously the velocity with which P would 
have to move in order to traverse the space As, = PP, in time At; 
provided the motion were uniform. Call this the mean, or averojge, 
velocity of P during time A^ after passing P. 

The mean velocity of P over space P B, is, obviously, greater 
than the velocity of P at P, and less than that at B ; and must be 
the actual velocity of P at some point, Q, between P and B. 
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Now make A^ =^ 0; then A«, = P'R^ will approach zero, and 
the points Q and E will approach P*, Hence, the ratio A^ -7- A<, = 
velocity of P at Q, will have for its limit, when Q approaches P, 
the velocity, i/, of P at P'. 

Expressing this formally we have. 



(2) «'<!!<«' + A«, whence v' = ^^o[|?] = A« = 



Hence, the velocity of a variable motion at a given point P of tJie 
path {or aJt a given instant) of the motion may he found by differen- 
tiating the spa,ce, s, {eocpressed as a function of time, t,) with respect 
to t, and substituting in this derivative the values of s and t at the 
point considered. 

Example. 

A body falling freely from rest (in a yacuum) will traverse, in t seconds, a 
space in feet of « = i^^. Hence, its velocity v at the end of t seconds will be, 

(8) V = -jr^ gi. (^ = 32.3, approvimcUely.) 

a t 

The relation between s and t for any given problem in motion must 
be expressed in the form of an equation ^ («,«) = 0, or s=zf{t). 
This is called the equation of the motion. 

If «, =zf(t), is given we may find -v, = — , by differentiation. 

ds 
Conversely, if v, = — =/' (i), is given we may find, 

a z 

(3) s= fds= fvdt= ff{t)dt=f(t)'\'k, 

by anti-differentiation. 

If the velocity were decreasing, instead of increasing, the case 
could be treated in precisely the same manner as in the foregoing ; 
and with the same result for v. 

If the velocity changes sign the direction of the motion is reversed. 
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C. Rates, 

The applications of mathematics furnish many examples of con- 
tinuously varying magnitudes which require time to undergo any 
specified amount of change in value ; that is, of variable quantities 
which are functions of time. 

Let £ z=L f{t) be any such function. The successive values of f 
may be geometrically represented by the successive distances of a 
point P from a fixed point ^ on a straight line ; and the motion of 
P on the line will represent perfectly the variation of { as a function 
of t. The velocity of P, or the rate of motion of P, will then repre- 
sent eocactly the rate of change in value of C 



B 



Fig. 37. 



It follows, therefore, from § 73, 5, that the derivative with respect 
to t^ of any magnitude ^ £, which is a function of time^ t, furnishes a 
measure of the rate of change of value of {. 

If ;r^ is positive, {; is increasing; and if — is negative, { is 
at o. V 

decreasing. (^S^ee § 15.) 

D. Acceleration. 

The motion of a point P is said to be accelerated when its velocity 
is a function of time, or is variable. If the velocity is increasing its 
motion is positively accelerated ; and if its velocity is decreasing 
its motion is negatively accelerated, or retarded. 

By Acceleration is meant, therefore, the rate of change of velocity. 

Denoting acceleration by a, velocity by v, and space by «, =/(f), 

we have, 

dv d^s ds 

<*) " = d? = d?'^^°""^ = d7- 

Acceleration is said to be uniform when a=. a constant. For 
example, if s =i igt^, v = gt, and a:= g. This means that a body 
falling freely in a vacuum, will have g feet added to its velocity 
during each second of its fall. (See example, § 73, 5.) 

If a iz: the velocity is a constant and the motion is uniform. 



219 [§ 73 



Exercises. 

» 

1. If 5 = a (c< -h «-') find V and o. 

2. If a = g = a consianty show that the general equation of uniformly 
accelerated motion is s — i^gt* + k^t •\- k^^. 

Show, also, that k^ = initial velocity of the motion (when ^ = 0) ; and k^ = 
space already traversed when ^ = ; and hence, if a body, moving uniformly, 
starts from rest, and time is reckoned from the instant of starting, the most 
general equation of its motion is s = l^gt*. 

3. Show that if a body is thrown vertically upward with an Initial velocity v^* 
then its equation of motion is, s = v^t — l^gt*, 

4. Find from (8) formulae for the height reached, and the time of ascent, of 
a ball shot vertically upward. 

If a ball is shot vertically upward with an initial velocity of 1200 per second, 
how high will it rise and what is the time of its ascent? 

5. The acceleration of a moving point varies directly with the time ; find the 
most general form of its law of motion. 

Find, also, the most general form of its law of motion if the acceleration 
varies inversely with the time. 

6. Find the law of motion when the acceleration is a = sin^ : also, when the 
velocity varies inversely with the square root of the time. 

7. The radius of a sphere is increasing at the rate of one inch per second. 
How fast is the surface changing? — how fast the volume? — in each case when 
r = 10 inches. 

8. Let P move on a plane curve referred to rectangular axes OJT and Y, 
Denote by r, Vxj and v^ the velocities of P (1) along the curve, (2) parallel 

to OX and (3) parallel to F. Show that (a) Vx= ^, (6) f . = tt a'^d 
• at at 

(e) V = ^ «jp* -f v^ , at the point (a;, y) on the curve. 

Show, also, that if r = angle between the tangent at (x, y) and X^ then 

Vx = vcosT and «, = vsinr. 

[Suggestion: Use (4) §64 and (8), (9) §66.] 

9. If P(z, y, z) is a point on a space curve referred to rectangular axes, 
JT, OF, Z, and i;^, i)y, i)«, and v denote the velocities of P parallel to the 
OE — , y — , and z-axes, and along the curve, show that, 

dx dy dz . / — r-- r-- r 

^"^ ~ 57 * ^'^ ~ rff * ^' ~ d7 * *" ' ' 

Show, also, that if a, /3, and 7 are the direction angles of the curve at P then, 

Vx = vcosa, Vp = 1; cos/3, and v, = ifCOS7. 
[Suggestion : Use ds^ etc. of exs. 9, 10, p. 198.] 
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10. Show that, in polar plane coordinates when P(r, 0) is a moving point 
on the curve r=f(6) and a = the angle between OP and the tangent at P: 

b) the velocity of P along r, = OP, is «r = ^r^ » 

a t 

e) the velocity of P normal to the radius vector P, is i;^ = v sin ct = r -=-: ; 

• at 

d) and v = ^/ Vr* + v^* . 

[SnooBSTiON : See §§ 62a, 625.] 

11. The path of a projectile fired at an elevation a, and with an initial 
velocity Vf^, is given by the equation, 

ga^ 



xtana — 



2t>j,*cos*tt 



Given Vx = Vocosa, find v, and v. Find, aho, the a^celertxtiont Oy, of «y. 

An*. Vy = ^0 sina , v = ^ v^ — 2gy, Ug= — g. 

Vfi COB a 
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FORMULA OF DIFFERENTIATION AND ANTI- 
DIFFERENTIATION. 

I. Differential Formula. 
1. dk = 0. 2. d{ku) = kdu, 3. d {u do v) = du do dv. 

4. d(uv) = vdu + udv. 6. d{u-7-v) = [^vdu — udv']-^v*. 

6. d [/(w) + A:] = df{u) = Duf(u) du =/' {u)du. 
7. dv^=- nv^—^du. 8. d-vw = dw-S- 2^/1*. 



9. dXogaU = (loga«<2t£) -8- 1*. 

11. dXogeU = <i?* -5- W. 

13. <2 sin i£ = cosine? i£. 

15. c2 cos i£ =— flints <2i£. 

17. d\Miu = sev^udu, 

19. c2ctnii = — Qsc^udu, 

21. c^secK = secutant^cfit. 

23. dcscu = — CBCuctnu du. 

25. dvevBu = sinudu. 

27. <i covers w = — coaudu. 

29. OxZ = -^-dXi 0»z = -^—dy. 



10. «? a" = a" loge a d w. 

12. de^ — t'^du. 

14. cisin— *w = <iw-f-V^l — w*. 

16. dcos— *w = — du -?-^^l — 14*. 

18. £itan-'w = dtt-f- (1 + M*). 

20. dctn-»w= — dM-^(l + tA«). 

22. dsec""*!* = dM-J-M-vt^* — 1. 

24. dcsc— *M = —<£«-*- w^ u^ — 1. 
26. dvers—^w = dw-?-'v2M — «'. 
28. ^covers— ^ w = — du-i- */ 2u — u*, 

30. dz = -^-dx + -^—dy. 
Ox Oy 



31. dw= -^—dx + -^ — dy + -^ — dz. 

ox Oy Oz 
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II. Anti-differential Formula. 

. fdf(u)=Jf'(u)du=f(u)+k, 33. dff(^u)du=f(u)du. 



34. fkf(u)du = kff(u)du. 36. f[Udu±Vdu'i=f(ldu±Jvdu, 

36. j udv = uv — J vdu. 
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(a) Trigonometric Forms, 
^7. I Binudu = — C09U. 38. j sin— ^udu =■ u sin— * m + '^ 1 — w*. 

39. j co8i/e2t£ = sinu. 40. j cos— *w<iw = wcos— *m — ^ 1 — u*. 

41. J tanwdw = logsecM. 42. ( tan— 'M<iM = t/taii— *m — ilog(l + M*). 

43. j ctn M rf tt = log sin u. 44. j ctn— ' udu = u ctn— * w + i log( 1 + w*) . 

46. I secMc^M = logtanf J + o ) * ^^' j verswdu = u — ainu. 

47. I cscwrftt = logtan-' 48. j covers wdu = m + cos m. 
49. j 8in'Mrf« = iw — isinwcosM. 60. j tan'wrfw = tani/ — m. 

61. j co8*MrfM = iM+ isinwcosM. 52. I ctn'ttdw = — ctnw — w. 

^ C . , sin"- * w cos M n — \ C ' o « 

63. I sin"ttdM = i I sm"-'«tfw. 

J — n » •/ 

r • « J sin»+»MC0SM , n + 2 r . 

64. I am'^udu = -r; 1 — , I ain^ + * udu. 

J n + 1 n -\- IJ 

..M r J 8inMCos»-'w , n— 1 f - , , 

66. I co8»Maw = H I cos"— *«aw. 

J n n J 

« 

..« r - J SinMC08» + *M , 71 + 2 f ^.- , 

66. I C08"l/rfM = r— ; f- .— i I cos" + *waM. 

J n4- \ n+l«^ 
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/tan**— *w C 
tan"udM= ^ I tan"— *MaM. 



/ctn** — ^w C 
ctti^udu = J ctn"— *MrfM. 



69 
60 



. I u"8inMdM = — M"co8tt H- n I u^~^ coa udu. 

. j u^coaudu = w"8inw — n j v'^—^amudu. 
^, f . „ - sin^ + ^wcos"-^!* , n — 1 r . ^ «tj 

61. I 8in'»MC0S"MaW = ; 1 ; I Sin"» W COS""" ' Wrftt. 

J m + n m + nJ 

..« r . « « J 8in"»-*wcos" + *M .w-ir._^, ,, 

62. I 8in'"ttco8"MdM = ; 1 I sm«— *MCog»Maw. 

J m + n m + nJ 

^^ C . . 1 amCrn — n)u sin (m + 7i)u 

68. I a\nmua\TLnudu =^ — j^? ^^ tt? ; — ^— ' 

J 2{m — n) 2 (w + n) 

/, cos (m — n)u cos Om + n)u 
BiDm«co3n«d«=- g(^_„) 2(m+n) ' 
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C . pin (» — n) « , gin (dh- ») m 

66. J co«»«co.n»rf,.= ^^^_^^^ + ^^^^^j . 

67. I = , log I I , if 9 < &. 

•' a+dco8t£ '^ Ir — a* «- a+&co8t£ -J 

(6) BcUioncU Algebraic Fbrms. 

68. \ i^du:= — r-^.»^ — 1- 69- I — = logi*. 70. I , . . = ~tai|-'-. 

„. C du \ . a + u mn C du 1 , « — e 
71. I -5 = = jr- log 72. I -^ 1 = o- l<>fif 

_. r c2i« \ . u — a 

78« I 7 TT rv = r log z • 

J {u— a) {u — h) a— b u — o 

(c) Irrational Algebraic Forma. 

74. I — . = "7= log . 7= , a > 0. 

_„ r <i« 2 1 |ftw — a ^^ 

75. I — . =-7=^ tan-' ,a>0. 

•^ u^hu — a Va ^ <* 

76. r4^=2^/i;. 77. f-^i^ = 8in-' 1? . 78. f-^^^l^^ = - .yin;?: 

/^a* — M* <f I* = - -va* — M* + — 8in— ' - • 
2 2 a 



79 



80. j u's^a* -u*du^-^ (a« - i/*)t • 



81. r /" =Aiogr — ^ — ^-1. 82. r-^=i^ — ^=—,=2 — 

^ r M"c?tt M**— '-va* — w* , a*(ii— 1) r w»— *dw 
00. I y = 1 I — . • 

*^ va«-i*« -n n -^ v a* - m* 

84. f .^"^ =log(^ + ^^^'±a*). 85. f /'''' =^u^-a*. 

3e. /^^^Ei!^ = y^;Ti:^_,3ec-'!f. 87. /-^^ = ^8ec-'^. 
•^ 14 a •^ u^u* — a* ^ * 

88. /y w« ± a«dw = l^w* ± a* ± |*log(w + v'v* ± a*). 

^^' J ^^g ^ t = ^a« + w». 90. Ju^a^+ u*du = J(a« + m*)1 
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91. J v^^ a* + u*du = — -\ I -====. 

n+2 n+2^ v a« + i4« 

C ^^^ __ u^~ * >^ a* + w* a*(n — 1) T u^—*du 
^ "^ a*-{- u* n n '^ '^ a* + u* 

93. \ , ■' = = vers-' -• 94. I — . = 

•^ v2aw — «• ^ ^ u'^2au — u* —an 

96. i '^ 2au — u*du = — - — ^ 2au — -m* + —vers—* -. 
J 2 2 a 



98« J ^ ;j du = sin-* M — n/ 1 — w*. 

99. 



. = 2sm-* ^ , 6 > a. 

V (w - a) (J - w) \ 6 - a 



(d) Exponenticd Forms. 
100. \ a^du — :^ ' 101. J ««c?w = ««. 102. r«««»<it« = — ^ (aw — 1). 

u^ef'^'du = I M"-»««"dtt. 

a a*/ 

J M» "~(7l— 1)m»-* W— iJ It"-* 

105. I «»»"smn«dM= ^^ ^- — 5 -• 

•/ m + w 

,^^ r - tf"»"(wico8 7iM + nsinnw) 

106. I «"»«coswttdw = ^^ , , ' ^ • 

J 7nr + n* 
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III. Integrals. 

,/.^ r . J r J 1 • 3 • 6 •....• (n - 1) IT 

107. I 8in»wrfM = I coa*^ udu — - — - — ^^ -, n even integer. 

J J 2-4-6- ' n 2 



108. " " = — ^ ■ ^' • • • • ' ('^-ZlI) , n ofld integer. 

l-3*0' '71 

ir 

109. /.^r3^^„.«=|[x-©'^-(L^^y|: 

V2-4-6/ 6 • •• J. * <i- 
f 

no. f ■ '^" =^ri + /i\v + ri^V*^ 

J -/l-kHSxfv, 2 L ^ V2/ *^ + V2 • 4/ * 



INDEX. 



[the numerals refer to pages.] 



Acceleration, defined, 218; uniform, 
218. 

Algebraic, functions, 2; differentials, 
41 ; anti-differentials, 52. 

Anchor Ring, volume, 92 ; surface; 150. 

Angle, between two curves, 21 ; be- 
tween radius-vector and tangent, 
156; of contingence, 161. 

Anti-Differentials, defined, 46, 47 ; are 
many- valued, 47 ; are assumed to ex- 
ist, 47 ; general theorems, 49 ; funda- 
mental forms, 52 ; versus ^* indefinite 
integrals," 72. 

Anti-Differentiation, defined, 46 ; sym- 
bol of, 46 ; many- valued result, 47 ; 
methods of, 51 ; by trigonometric 
substitution, 54 ; by parts, 55 ; trigo- 
nometric functions, 56 ; a step of in- 
tegration, 68; versus "integration," 
72; power series, 113. 

Anti-Trigonometric, functions, 2 ; dif- 
ferentials, 42; anti-differentials, 52. 

Approximate Integration, methods of, 
184 ; trapezoidal rules, 185, 186, 187 ; 
Simpson's Rule, 190 ; by convergent 
series, 190. 

Arbitrary Constants, symbols, 1 ; in 

. anti-differentiation, 53. 

Arc of curve, formulae, 141, 155, 198; 
centre of gravity, 208 ; moment of 
inertia, 212. 

Archimedes, spiral of, area, 1 54 ; 
length, 155; curvature, 170. 

Area, defined, 61 ; algebraic formula, 
62 ; special cases, 65, 66 ; differential, 
68 ; between curve and the x-axis, 70 ; 
method of calculating, 74; between 
curve and 2/-axis,76; axes oblique, 
76; surfaces, 145, 203. 

Astroid, area, 75 ; volume generated, 
92; perimeter, 142; surface gener- 
ated, 150; curvature, 170; radius 
of curvature, 175; e volute, 183; 
centre of gravity of area, 208 ; of 
arc, 209. 

Base* 0, of natural logarithms, series 

for, 129; value of, 129. 
Binomial, theorem, 120; series, 121, 

124 ; convergency of, 123, 124. 
Branch, of curve y = tan-'a;, 85; of 

curve y = sin— *x, 88. 



Cardioid, area, 153; perimeter, 155; 
centre of gravity, 209. 

Catenary, area, 75 ; volume generated, 
92: length, 143; area generated, 
150; curvature, 169. 

Centre, of curvaturej defined, 171; 
coordinates of, 174; locus of, 177; 
of gravity, 205. 

Circle, curvature of, 161, 164;. curve 
of constant curvature, 168 ; centre 
of gravity of sector, 208 ; of semi- 
circumference, 209 ; moment of in- 
ertia and radius of gyration, 213. 

Circle of curvature, 171 ; radius of, 
172; centre of, 174. 

Cissoid, area, 82. 

Concave Curves, tests for, 36 ; sign of 
curvature, 164. 

Conic Section, polar equation, 159; 
normal, tangent, subnormal, and 
subtangent, 159. 

Constants, arbitrary, literal, numerical, 
1 ; symbols for, 1 . 

Contingence, angle of, 161. 

Continuous Function, defined, 23, 93. 

Continuous Variation, of variable, 22 ; 
function of one variable, 23, 93, 95. 

Convergency, of series, 107 ; conditions 
and tests, 109; infinite product. 111; 
Taylor's series, 118 ; binomial series, 
123, 124; Maclaurin's series, 125. 

Cosines, series for natural (or circular), 
126 ; series for hyperbolic, 127 ; cal- 
culation of natural, 131. 

Curvature, plane curves, 160; of the 
circle, 161; mean, 161; at point, 
162 ; formulae, 164, 165, 167 ; of line, 
164; meaning of sign, 164; at point 
of inflexion, 164 ; approximate value, 
168; circle, radius, and centre, de- 
fined, 171. 

Cusps, tests for vertical, 34, 35. 

Cycloid, area, 75 ; volume generated, 
92 ; length, 142 ; area generated, 150 ; 
radius of curvature, 175; centre of 
curvature, 176; evolute, 183; centre 
of gravity of area and arc, 208, 209. 

Definite Integral, 72. 
De Moivre's theorems, 128. 
Derivative, of explicit functions of one 
variable, 11, 14; symbols for, 13, 26, 
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40, 95 ; formulae for, 14, 15, 41, 42, 43, 
44; geometric interpretation of, 16; 
second, and higher, 26 ; sign of sec- 
ond, 27 ; derivative and differentials, 
40 ; right and left hand, 94 ; differen- 
tial formulae for second, 165, 167; 
partial, more than one variable, 193 ; 
total, 194, 195 ; mechanical interpre- 
tation, 217; as rate, 218. 

Derived Functions, see derivative. 

Development into series, 115. 

Differential, of variable, 38 ; of func' 
tion, 38, 40. — and increment com- 
pared, 39. — form of first derivative, 
40; fundamental formulae, 41, 42. 
— forms of second derivative, 165, 
167 ; second, of variable, 166 ; second, 
pf function, 167 ; partial, more than 
one variable, 194, 195; total, 194, 
196. 

Differential Element, of area, 74 ; solid 
of rotation, 91 ; length of curve, 141 ; 
surface of rotation, 148; area in 
polar coordinates, 153; length in 
polar coordinates, 154; length of 
space curve, 198. 

Differentiation, definition, 14; exten- 
sion of definition, 40 ; power series, 
113 ; more than one variable, or par- 
iicU^ 192 ; implicit functions, 194. 

Direction-Cosinea, normal to plane, 
196; surface, 196; space curve, 
198; helix, 198. 

Divergency o/ *ert>*, 107; tests, 109. 

Double, integration, defined, 200. — in- 
tegral formulae for areas, 201. — 
integral formulae for volumes and 
surfaces, 201, 202, 203. 

Ellipse, area, 75, 154; volume gener- 
ated, 92; perimeter, 143; area gen- 
erated, 150; polar equation, 154, 
159 ; normail, tangent, subnormal, 
and subtangent, 159 ; curvature, 166 ; 
radius of curvature, 175; centre of 
curvature, 175; evolute, 183; centre 
of gravity, 208; moment of inertia 
and radius of gyration, 213. 

Ellipsoid, equation, 203 ; volume, 203 ; 
moment of inertia and radius of 
gyration, 214. 

Epicycloid, equation, 144; length, 144; 
radius and centre of curvature, 176. 

Equation, of cirsoid, witch, 82 ; semi- 
cubical parabola, cycloid, involute 
of circle, 142; catenary, 143; epi- 
cycloid, hypocycloid, 144 ; cardioid, 
logarithmic spiral, spiral of Archi- 
medes, hyperbolic spiral, 165 ; lem- 



niscate, 75, 158; conic (pola/r)^ 159; 
astroid {or four-cusped hypocycloid), 
170, 175; plane, sphere, ellipsoid, 
196; cylinder, helix, 197, 198. 

Evolutes, plane curves, 177; methods 
of finding, 178; properties, 180, 182. 

Explicit function, 2. 

Exponential, functions, 2; differen- 
tials, 42; anti-differentials, 52. 

Formulae, differentiQ,tion, 15, 41, 42, 
43, 44; anti-dift'erentiation, 52, 54, 
65, 67, 68; areas, 70, 76, 77, 153, 
201, 203; volumes, 91, 202, 203; 
lengths, 139, 140, 155, 198; su]> 
faces, 149, 202, 203 ; curvature, 164, 
165, 167, 168; radius of curvature, 
172 ; centre of curvature, 174 ; centre 
of gravity, 206, 207, 208 ; moment of 
inertia, 210, 211, 212; tables, 221. 

Function, of one va/nable, l,^ explici^ 
implicit, 2; classification, 2; sym- 
bols, 3; geometric representation, 
4 ; single-valued, 5 ; increments, 8 ; 
remarks, 9 ; continuous variation, 
23, 93; discontinuity, 23; test for 
increasing, 24 ; maximum values, 28 ; 
minimum values, 31 ; has derivative 
at point if, 94 ; is continuous if, 95 ; 
of more than one variable, 192; dif- 
ferentiation of implicit, 194. 

General Theorems, on anti-differen- 
tials. 49 ; on integrals, 77. 

Gravity, centre of, 205 ; plane areas, 
206, 207 ; volumes and surfaces o| 
rotation, 207, 208; arc of plane 
curve, 208. 

Gyration, radius of, 212. 

Helix, equation, 197, 198; tangent 

line, normal plane, 197; direction- 
cosines, 198; length, 198. 
Hyperbola, area, 75, 77; curvature, 

169, 170; radius of curvature, 175; 

centre of curvature, 175; evolute, 

183. 
Hyperbolic, sine and cosine, 127 ; series 

for, 127. — logarithms (or ncituraX)^ 

132. — spiral, 156. 
Hypocycloid, equation, 144; length, 

144; radius of curvature, 176; 

centre of curvature, 176; four- 

cusped, see Astroid. 

Implicit function, 2 ; derivative of, 194« 

Increments, of variable, of function, 

7,8; symbols, 7; ratio of , 11; limii 

of ratio, 13; geometric meaning of 
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ratio, 15; increment and differential 
of variable, 39; increment and dif- 
ferential of function, 39. 

Indefinite Integral, 72. _ 

Indeterminate Forms, ^ ^ ^ , o X oo, 
etc., 101, ei seq. 

Infinitesimal, defined, 12. 

Infinity, meaning of symbol ?i = oo, 61. 

Inflexion, point of, 35; tests for, 36, 
37; curvature at, 104. 

Integral, defined as an area, 71 ; *' defi- 
nite" and "indefinite," 72; negative 
area (or integral), 65; anti-differen- 
tial many valued, 84; double^ form- 
ulae for areas, volumes and surfaces 
of rotation, 201, 202 ; triple, formula 
for volumes, 203; double, formula 
for surface, 203. 

Integration, an infinite summation, 69 ; 
symbol, 69 ; limits, 69 ; remarks, 71 ; 
general theorems, 77, 78; special 
cases, 79, 82; limits infinite, 82; 
methods of approximate, 184 ; double, 
200; triple, 203. 

Interval, defined, 93. 

Involute of plane curve, 177. 

Involute of the circle, area, 77 ; length, 
142 ; radius of curvature, 176 ; centre 
of curvature, 176; e volute, 178. 

Law of the Mean, 97 : geometric mean- 
ing, 98 ; theorems deduced from, 98 ; 
generalized, 99. 

Lemniscate, area, 75, 154; normal, 
tangent, subnormal, subtangent, 158 ; 
curvature, 170; radius and centre 
of curvature, 176; evolute, 179. 

Length, of straight line, 135 ; of plane 
curve, 136; integral formulae. 139, 
140, 155; differential of, for plane 
curves, 141, 154; for space curves, 
198. 

Limit, definition of, 12. 

Limits of Integration, defined, 69; 
infinite limit, 82. 

Logarithm, base of natural, or hyper- 
bolic, 129 ; series for, 132, 134 ; com- 
putation by Simpson's rule, 187. 

Logarithmic, functions, 2; differen- 
tials, 41 ; anti-differentials, 52. — 
spiral, area, 154; curvature, 470; 
radius and centre of curvature, 176; 
evolute, 183. 

Maclaurin's, theorem, 125 ; series, 125 ; 

convergency of, 126. 
Maximum values, of function of one 

variable, 28, 30; tests for, 29, 34, 

37. 



Mean, law of the, 97 ; geometric mean- 
ing, 98; generalized form, 99. — 
curvature, 161. — velocity, 216. 

Minimum Values, of function of one 
variable, 31 ; tests for, 31, 35, 37. 

Moment, statical, 204. — of inertia, 
209; areas, 210, 211; solids, 211; 
arcs, 212. 

Motion, uniform, 216; variable, 216 
equation of, 217; of falling bodies 
217; uniformly accelerated, 218 
general equation of uniform, 219 
general equation of unformly accel 
erated, 219; of projectile, 220. 

Napierian, or natural, or hyperbolic^ 
logarithms, 132. 

Negative areas, 66. 

Normal, to curve, equation, 20 ; length, 
in polar coordinates, 158 ; direction- 
cosines of, to a plane, and surface, 
196; equations of, to surface, 197. 

Normal-plane to space curve, 197. 

Oblique axes, formula for area, 76. 
Operators, d and j, 45, 46 ; d and j 

successively, 48. 

Parabola, area, 63, 75, 77 ; volume 
generated, 92; length, 142; surface 
generated ,150 ; tangent, normal, sub- 
tangent, subnormal, 159 ; curvature, 
169 ; centre of curvature, 175 ; evo- 
lute, 177; through three points, 188. 
— semi-cubical, area, 77 ; length, 
142; radius of curvature, 175. 

Paraboloid, equation, 203; volume, 
203; centre of gravity, 209. 

Parallel Curves, 48. 

Partial, derivatives, 193 ; differentials, 
194,195; integration, 202. 
I Pendulum, time of oscillation, 191. 
I IT, = Ratio of circumference to di- 
ameter, 130; value, 130; computed 
by Simpson's rule, 187. 

Plane, equation of, 196; tangent to 
surface, 196 ; tangent to sphere and 
ellipsoid, 190 ; normal to space curve, 
197; normal to helix, 197. 

Polar Coordinates, plane areas, 151 ; 
differential of area, 153 ; differential 
of length, 154 ; angle between radius- 
vector and tangent, 156; slope of 
tangent, 156; subtangent, subnor- 
mal, tangent, normal, 158 ; equation 
of conic section, 159 ; formula for 
curvature, 167 ; formula for radius 
of curvature, 172; formulae for cen- 
tre of curvature, 174; e volutes, 179. 
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Power Series, definition, 112; conver- 
gency, 112; differentiation, 113. 

Product, derivative, 16 ; differential, 41 ; 
convergence of an infinite, 111. 

Quotient,derivative, 16 ; differential, 41. 

Radius, of curvature^ 171 ; formulae, 
172; at point of inflexion, 172; of 
straight line, 172; of circle, 172; 
relation to arc of evolute, 182. — of 
gyraiian^ 212. 

Rate, of motion, 216; of change of 
value, 218. 

Rates, 218. 

RoUe's Theorem, 96 ; geometric mean- 
ing, 96. 

Rotation, solids of 90 ; volumes, 91 ; 
differential of volume, 91. — surface 
of 146 ; differential of surface, 148 ; 
integral formulae, 149. 

Second Deriyative, definition, 26 ; alge- 
braic sign of, 27 ; Lagrange's symbol, 
96; differential forms, 166, 167. 

Second Differential, of variable, 166 ; 
of function, 167. 

Series, definitions, 107 ; convergency 
tests, 109 ; differentiation of power, 
113; Taylor's, 118; binomial, 121; 
Maclaurin's, 126 ; for hyperbolic 
sine and cosine, 127 ; sum, defined, 
129 ; for computation, 129 ; for base, 
«, 129 ; for ir, 130 ; for sines and cos- 
ines, 131 ; for logarithms, 132, 134 ; 
for approximate integration, 190. 

Simpson's rule for approximate integ- 
ration, 190. 

Sine Curve, or sinusoid, 4, 6; area, 
64; length, 143. 

Sines, series for natural {or circular), 
126 ; series for hyperbolic, 127 ; cal- 
culation of natural, 131. 

Slope, of secant, 16; of tangent, 17, 
166 ; of curve, 17 ; is maximum or 
minimum at point of inflexion, 36. 

Space Curve, equations, 197; tangent 
line, 197; normal-plane, 197; dif- 
ferential of length, 198; direction- 
cosines, 198. 

Sphere, equation, 196 ; centre of grav- 
ity of sector and zone, 209 ; moment 
of inertia, radius ojf gyration, 214. 

Spiral, of Archimedes, area, 164; 
length, ' 165 ; curvature, 170. — 
logarithmic, area, 164 ; length, 166 ; 
curvature, 170 ; radius and centre of 
curvature, 176; evolute, 183. — 
hyperbolic^ length, 166. 



Subnormal, defined, 19 ; formulae for, 
20, 168. 

Subtangent, defined, 19 ; formulae for, 
20, 168. 

Sum, derivative of, 16 ; differential of, 
41 ; of an infinite series, 107, 129. 

Summation, integration a general pro- 
cess of, 69. 

Surface, of rotation, area defined, 146 ; 
differential of area, 148; integral 
formulae for area, 149, 203. 

Symbols, for constants and variables, 
1; functions, 3, 192, 196; incre- 
ments, 7; derivatives, 13, 26, 40, 
96, 193 ; differentiation, 13, 46, 194 ; 
anti-differentiation, 46 ; w = oo , 61 ; 
summation, 62 ; integration, 69 ; par- 
tial derivatives and differentials, 193, 
194. 



Tangent, slope of, 17, 166; equation 
of, 19 ; of angle between two curves, 
21 ; length of, in polar coordinates, 
168. — plane to surface, 196 . — 
line to space curve, 197. 

Taylor's, theorem, 116; series, 118 
convergency of, 118. 

Tests, for increasing functions, 24 
maximum values, 28, 34 ; minimum 
values, 31, 36 ; concave curves, 36 
convergency of series, 109. 

Theorem, on anti-differentials, 49 ; on 
integrals, 77 ; RoUe's, 95 ; from the 
law of the mean, 98; Taylor's, 116; 
binomial, 120; Maclaurin's, 126; 
DeMoivre's, 128. 

Total, derivatives, 194, 196; differen- 
tials, 194, 196. 

Transcendental functions, 2. 

Trapezoidal rules for approximate in- 
tegration, 186, 186, 187. 

Trigonometric, functions, 2 ; differen- 
tials, 41 ; anti-differentials, 62. 

Txvfi& integration, 203 ; volumes, 203. 

Variables, symbols for, 1 ; dependent, 
independent, 2. 

Variation, continuous, of variable, 22 ; 
of function, 23 ; discontinuous ,23. 

Velocity, uniform, 216; variable, 216; 
parallel to axes, 219 ; of projectile, 
220. 

Volume, of solid of rotation, 90 ; differ- 
ential element, 91 ; integral formulae, 
91, 92; by triple integration, 203. 



Witch, area of, 82. 



